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Abstract

We prove old and new results on cardinal characteristics of the generalized Baire
space “k. The first part of this thesis consists of a detailed exposition of important
classical results on the characteristics s(x) and b(x) — the generalized splitting and
bounding numbers, respectively. More concretely, we prove that the characteristics
s(w) and b(w) are independent and that, in stark contrast, s(x) < b(k) is provable in
ZFC for uncountable k. We further show how the value of s(k) is linked to two large
cardinal assumptions on k.

In the second part, we prove new results for s(k) and b(k) and, in particular,
for the characteristic sp(t(x)) — the generalized tower spectrum. These new results
are mainly concerned with controlling cardinal characteristics globally, i.e., at many
regular cardinals x simultaneously. We first show how to force s(k) < b(x) at many
strongly unfoldable cardinals s simultaneously, based on previous work by Bag and
Fischer. In the main chapter, we prove that both small and large generalized tower
spectra at all regular x simultaneously are consistent and that globally, a small tower
spectrum is consistent with an arbitrarily large spectrum of maximal almost disjoint
families. Finally, we show the consistency of any non-trivial upper bound on sp(t(x)).
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Chapter 1

Introduction

1.1 Overview

The study of cardinal characteristics of the continuum dates back to at least the
beginning of the 20th century and is a cornerstone in the development of set theory.
A cardinal characteristic of the continuum is a cardinal lying between w; and 2 that
captures some combinatorial or topological property of the reals, where the term the
reals refers to a handful of spaces besides the real line R. Here, we mean either the
set of infinite subsets of natural numbers — the set [w]“ — or the set of functions from
the naturals to themselves — the Baire space “w. For notational convenience, we
will speak of cardinal characteristics of “w. Usually, such a cardinal characteristic is
defined as the minimal cardinality of an object in “w that does not share a certain
specified property of countable objects in “w.

One can of course go beyond the continuum and consider not just the space
“w, but the generalized Baire space "k, where k is any regular infinite cardinal.
Again, the term k-real refers both to an element of the set "k or to an element of
[k]". As compared to the study of cardinal characteristics of the continuum, research
on cardinal characteristics of “k has emerged relatively recently. Its inception, in
the 1990’s, can be seen in the work on the generalized splitting number s(x) by
Motoyoshi [31], Kamo [27], Suzuki [38] and Zapletal [40] and in the work of Cummings
and Shelah [11] on the generalized bounding and dominating numbers b(x) and (k).
We begin by formally defining these and the other generalized cardinal characteristics
relevant in this thesis.



Definition 1.1. Let x be a regular infinite cardinal. For f, g € "k, we define f <* ¢ :
<~ {ner:9n) < f(n)} < k. Fora,be k], wedefinea C*b: <= |a\b| <k.

(i) A subset B C "k is an unbounded family iff there does not exist f € “k such that
for all g € B: g <* f. Let b(k) := min{|B| : B C "k is an unbounded family}
be the k-bounding number.

(ii) A subset D C "k is a dominating family iff for all f € "k there exists g € D
such that f <* g. Let 9(x) := min{|D| : D C "k is a dominating family} be the
k-dominating number.

(iii) A subset S C []" is a splitting family iff for all a € [k]" there exists b € S such

that |aNb| = |a \ b] = k. Let s(k) := min{|S| : S C [k|" is a splitting family}.

If kK = w, we will usually omit the parentheses in the names of cardinal characteristics,
i.e., we will write b instead of b(w).

Note that the property of being an unbounded, dominating or splitting family is
closed under taking supersets. This is not the case for the main combinatorial objects
studied in this thesis, which are towers. For these, as well as for MA D-families, which
will appear in multiple cameos, it thus makes sense to not just consider the minimal
cardinality of which these objects exists, but all such cardinalities, which we call their
spectrum.

Definition 1.2. Let x < X be regular cardinals. We call a sequence (a¢ : £ € \),
where a¢ € [k]", a k-tower of height \ iff

(i) Forall £ <& < X:ae D* ag.

(ii) There does not exist an a € [k]* with V& < A : ag O* a (no pseudo-intersection).

Let sp(t(k)) := {\ : there exists a k-tower of height A} be the k-tower spectrum and
t(k) := min(sp(t(k))) the r-tower number.

Note that this definition excludes towers of non-regular length and of length <k,
i.e., sp(t(k)) is a set of regular cardinals above . This is of course no real restriction
since we can always extract a cofinal subsequence from any ordinal-height tower.
Conversely, we can always artificially extend a tower as in the definition to an ordinal-
height tower by repeating elements. The requirement that A > k is a consequence of
the following pathology that only arises in the higher Baire spaces:

Fact 1.1. Let k be regular and uncountable. Decompose k as k :=
each X, has cardinality k. Then the family {J
O* and has no pseudo-intersection.

new Xn, Where
X, i n € w} is well-ordered by

m>n



We will also study a more restrictive generalization of towers to the higher Baire
spaces, namely club-towers. Following standard terminology, we say that ¢ € [k]" is
a club iff ¢ contains all of its limit points in x in the order topology, i.e., iff for all
ac€kr:0#sup(anc) € k = sup(anc) € c.

Definition 1.3. A rk-club-tower is a tower (cc : £ € A) such that each c¢ is a
club subset of k. Let sp(ta(x)) := {\ : there exists a x-club-tower of height A} and

ta(k) := min(sp(ta(k))).
Lastly, we define the generalized MAD-families mentioned above.

Definition 1.4. A family A C [k]" is almost disjoint iff for alla # b € A : |aNb| < k.
Furthermore, A is maximal almost disjoint (k-MAD) if A is not properly contained in
a different almost disjoint family. Let sp(a(x)) := {J : there exists a k-MAD family A
with k < |A| = § < 27} be the k-MAD spectrum and a(k) := min(sp(a(x))) the k-
mazimal almost disjointness number.

While Cummings and Shelah [11] showed that the behaviour of the two charac-
teristics b(x) and 9(k) mirrors that of their classical counterparts, the value of the
generalized splitting number turned out to be linked to various large cardinal assump-
tions on x: Motoyoshi [31] showed that s(k) > & is equivalent to s being strongly
inaccessible, and by a result due to Suzuki [38], s(k) > kT is equivalent to x being
weakly compact.! Groundbreaking later work by Raghavan and Shelah [32] estab-
lished that even under such assumptions, the behaviour of the generalized splitting
number differs substantially from that of its classical variant. More precisely, s and
b are known to be independent, i.e., both s < b and b < s are consistent with ZFC,
where the first inequality is due to Baumgartner and Dordal [3] and the second orig-
inally to Shelah [36]. In contrast, for uncountable x, Raghavan and Shelah showed
that (k) < b(k) is provable in ZFC. An in-depth exposition of these classical results
is the topic of Chapter 2 of this thesis.

Further differences between the combinatorics of “w and those of " for uncount-
able k emerged: Blass, Hyttinen and Zhang [5] proved that if 9(k) equals £, then so
does the characteristic a(x). In contrast, the question whether 9 = w; implies a = w;
is open since the 1970’s. Raghavan and Shelah [33] improved the above result and
showed that actually, b(k) = k™ implies a(k) = kT for uncountable k. Fischer and

"Moreover, Zapletal [40] showed that the existence of a regular uncountable x with s(x) > k++
has greater consistency strength than the existence of a measurable cardinal.



Soukup established further ZFC inequalities between generalized cardinal character-
istics in [18]. Additional recent work on cardinal characteristics of “+ can be found
in [9], [19], [15] and [7].

Generalizing cardinal characteristics to the higher Baire spaces suggests an ob-
vious line of inquiry: Can these characteristics be controlled globally, i.e., in all
Baire spaces simultaneously? This question can be seen as building upon Easton’s
famous theorem [14] from the 1960’s, showing that the class function x — 2" on
regular x is essentially independent of ZFC, apart from the obvious restriction that
Kk < K = 2% < 2" and that cf(2%) > k. The first such global result for cardinal
characteristics other than 2% is Cummings’ and Shelah’s proof [11] that the class func-
tion kK — (b(k),0(k),2") can be controlled globally, subject to obvious restrictions
that mirror the situation at w, namely,

k< b(k) =cf(b(r)) <cf(d(k)) <d(k) <27,

and with the same conditions on 2" as in Easton’s Theorem.

Our first new result, the topic of Chapter 3, concerns the global separation of s(x)
and b(k). Since s(k) is generally smaller than s by the above discussion and since, by
the same argument as in the countable case, kT < b(k), such a separation is really only
interesting if x is weakly compact. We generalize a result by Bag and Fischer [1] and
show that s(k) = k* < b(k) is consistent simultaneously for a large class of so-called
strongly unfoldable cardinals k. Strongly unfoldable cardinals, originally introduced
by Villaveces [39], generalize weakly compact cardinals. The reason for working under
the strong-unfoldability assumption instead of the weak-compactness assumption —
the former having greater consistency strength than the latter — is that we need to
ensure that the forcing extension separating s(x) and b(x) does not destroy the weak
compactness of . This is achieved via an indestructibility result by Johnstone [26],
allowing us to make strongly unfoldable cardinals indestructible by certain forcing
extensions.

The main new results and the focus of this thesis are found in Chapter 4 and deal
with the generalized tower spectrum. The w-tower spectrum has been well-studied
for many decades, for example by Hechler [23], by Baumgartner and Dordal [3] or
by Dordal [12]. In particular, Hechler [23] showed that consistently, there exists an
w-tower of height A for each regular w; < A < 2¥. Dordal [12, Corollary 2.6] showed
that for any set A of regular cardinals containing all of its regular limit points and
the successors of its singular limit points, it is consistent that sp(t(w)) = A.



The generalized tower number (k) on the other hand was first investigated by
Shelah and Spasejovi¢ [37]. They showed that t(k) < b(k) for all regular x and
that k < A < t(k) implies 2% = 2. Moreover, they proved that for all 7,3, u with
k<1 < f < pu, such that 7 and § are regular and cf(u) > 7, it can be forced
that t(k) = 7, b(k) = B and 2" = pu. Garti [20] and Fischer et al. [17] investigated
whether t(k) equals the generalized pseudo-intersection number p(x) for uncountable
k, which in the case k = w is a famous result due to Malliaris and Shelah [30].
In its full generality, this problem remains unsolved.? Further research on the k-
tower number was conducted by Ben-Neria and Garti [4], who proved that for a
supercompact x and for k < 7 = cf(1) < 0 = cf(0) < p with cf(p) > &, it is
consistent that t(k) = 7, s§(k) = o and 2® = p. Finally, Schilhan [35] observed
that for all regular uncountable «, the characteristic t.(x) equals b(x), which implies
that b(x) € sp(t(k)), an important cornerstone for the line of research central to this
thesis.

It is folklore that there are no w-towers of height greater than w; in the Cohen
model, which follows from a straightforward isomorphism-of-names argument. We
generalize this result and show that in the Easton model, where the class function
Kk — 2 can be controlled, the x-tower spectrum equals {*} for all regular x simul-
taneously. We further show that globally, these small generalized tower spectra are
consistent with arbitrarily large generalized MAD spectra, based on previous work
by Bag, Fischer and Friedman [2].

On the other hand, we prove that arbitrarily large tower spectra in all the Baire
spaces simultaneously are consistent. In fact, we show that it is consistent that there
exists a k-club-tower of height A for all regular k < A < 2, where we again have
global control over the value of 2~.

Finally, we prove that for a fixed regular x, any upper bound on the k-tower
spectrum is consistent. More concretely, for every regular 8 > x and p with cf(u) > 3,
it is consistent that b(k) = 3, 2 = 9(k) = u, and there are no k-towers of height
greater than . By Schilhan’s result [35] mentioned above, this upper bound is tight
for uncountable . In case kK = w, the bound is usually also tight, except in the edge
case 8 = p, which will follow from a result in Chapter 2.

These results on the generalized tower spectrum are set to appear in the Journal
of Symbolic Logic.

2Garti showed that if k<* = k and either p(k) = kT or cf(2%) € {k*,kT T}, then p(rk) = t(k).
Fischer et al. showed that if k<" = k, then either p(k) = t(k), or there exists a A < p(k) and a
club-supported (p(k), A)-gap of slaloms.



1.2 Preliminaries

Combinatorics: As explained previously, a club in « is a closed unbounded subset
of k. A subset of k is stationary iff it has nonempty intersection with every club in
k. It is well-known that the intersection of fewer than x many clubs in k is a club
(cf. [25, Theorem 8.3]) and that for any f € "k, the set {a € k : fla] C a} is a club.
More generally, a function h : w — w is called normal iff h is strictly increasing and
for every limit ordinal 7 : h(y) = sup{h(«) : @ € v}. Normal functions have a club
set of fixed-points:

Fact 1.2 (Fixed-point Lemma for normal functions, cf. [25, Ex. 8.1]). Let h € "k be
normal. Then the set {« € k : h(a) = a} is a club in k.

The following combinatorial lemma is used frequently in this thesis

Fact 1.3 (A-system Lemma, cf. [29, Theorem 1.6]). Let § be an infinite cardinal and
let A > § be regular and such that Ya < A : <% < \. Then, for any A of cardinality
>\ satisfying VX € A : |z| < §, there exists some A" C A of cardinality A and a root
Rsuch that VX #Y e A': XNY = R.

Forcing: We follow the convention that stronger forcing conditions are smaller,
ie., p <p q reads "p is stronger than ¢” or "p extends ¢”. We say that a forcing
notion PP satisfies the k-chain condition (k-c.c.) iff antichains in P have cardinality
<k. The countable chain condition (c.c.c.) is the wy-c.c.. Likewise, P is k-closed iff
descending sequences in P of length <k have a lower bound. We denote P-names by
2 and canonical P-names for sets in the ground model by &. If there is no danger of
confusion, we write just x for the canonical P-name for z in the ground model.

For forcing notions P and @, an embedding 7 : P — Q is a complete embedding iff
for every maximal antichain A in P, i[A] is a maximal antichain in Q. Equivalently, i
preserves incompatibility and for every g € Q, there exists p € P — a reduction of q to
P — such that Vp' <p p : i(p') and ¢ are compatible in Q. If P C Q and the inclusion
map is a complete embedding, we say that P is a complete suborder of Q.

For a complete suborder P C Q and a QQ generic filter H over the ground model V|
the filter HNP is P-generic over V. If, on the other hand, G is P-generic over V, we de-
fine in V[G] the quotient forcing Q/G :={q € Q : Vp € G : p and ¢ are compatible}.
Note that @Q is then forcing equivalent to P« Q/ G, where Q / G is a P-name for Q /G.
If & is a Q-name in the ground model V, there is a Q/G name ©/G € V|G| — the



quotient name of & — such that for any H that is Q/G-generic over V[G] : V[G]|[H] =
(x/G)[H] = |G = H].

If ((Pe: €& < a),(Qe: € <a))is an a-stage iterated forcing construction and G
is a P,-generic filter, we denote by G|z the Ps-generic filter {p|s : p € G}. We often
use the following well-known fact.

Fact 1.4 ([29, Lemma 5.14]). Denote by V the ground model. Assume that « a limit
ordinal and that ((Pe : € < a), (Q¢ : £ < )) an a-stage iterated forcing with supports
in some ideal Z, such that each element of Z is bounded in a. If GG is P,-generic over
V and S € V is such that V[G] = |S| < cf(a), then, for any X € V[G] with X C S,
there exists § € a such that X € V[G|g].

We denote the support of some P,-condition p by supp(p). We use finite support
iterations, and, more generally, <k-support iterations throughout this thesis. For the
global results, we use Easton supports: P, is an Easton support iteration or product
iff for every regular cardinal v < a and every p € P, : [supp(p) N7y| < 7.3

Elementary Submodels: Recall that a set model M is an elementary submodel
of N D M, written M < N, iff for every formula ¢(xy, ..., z,) and any ay, ..., a,, € M,
we have M = ¢(ay,...,a,) <= N = ¢(ai,...,a,). An embedding j : (M,€) —
(N, €) is an elementary embedding iff j[M] < N. Note that for transitive M, N, an
elementary embedding j : M — N must map ordinals to ordinals, and if j # id,,,
there exists a least ordinal § — the critical point of j — such that j(J) > 0.

For an infinite cardinal 6, denote by H,y the set {x : |trcl(z)| < 6}, where trcl(z)
is the transitive closure of x. We will frequently use the Lowenheim-Skolem Theorem
on H = Hy in this thesis, in the following form.

Fact 1.5 (Lowenheim-Skolem Theorem). Let H be an infinite set model and A C H
an infinite subset. There exists A C M C H such that |M| = |A| and M < H.

Large Cardinals: As explained in the overview, we will encounter a few large
cardinals in this thesis, mainly in connection with the generalized splitting number.
More concretely, the large cardinal properties we encounter are strong inaccessibility,

3Note that this is not the traditional definition of the Easton support. Usually, the condition is
that |[supp(p)N~y| < ~ for regular limit cardinals . However, in this thesis, all the iterations/products
we consider force nontrivially only at stages that are cardinals, which makes the two definitions
equivalent.



weak compactness and strong unfoldability, the last of which we will introduce in
Chapter 3, where we need it.

Definition 1.5. A cardinal k is strongly inaccessible iff k is regular uncountable and
for every A < K : 2* < k.

Definition 1.6. A cardinal x is weakly compact iff for every coloring 7 : [x]* — 2,
there exists some A € [x]" such that 7| 42 is constant.

An equivalent definition of weak compactness is given using the tree property,
which may be viewed as a higher analogue of Konig’s Lemma.

Definition 1.7. A tree is a partially ordered set (T, <7) such that for each z € T,
the set {y € T : y <r z} is well-ordered by <r. The a’th level of T is the set
{r €T :{y €T:y <y x} hasorder type a}. The height of T is the least « for
which the a’th level of T" is empty. A branch of T is a maximal linearly ordered subset
of T'. Finally, a cardinal k has the tree property iff every tree of height x whose levels
have cardinality <x has a branch of cardinality .

Fact 1.6 (cf. [25, Lemma 9.9, Lemma 9.26]). x is weakly compact if and only if it is
strongly inaccessible and has the tree property.



Chapter 2

Generalized Splitting and
Bounding: Classical Results

2.1 The Characteristics s and b

2.1.1 The Consistency of s < b

The main goal of this first subsection is to construct a model in which s = w; < b = A,
where )\ is any regular uncountable cardinal. This result is due to Baumgartner and
Dordal [3]. Importantly, it also establishes a fact about w-towers that will become
relevant in later chapters. More concretely, Baumgartner and Dordal use a A-stage
finite support iteration of Hechler forcing, thus increasing b while preserving a certain
splitting family of cardinality w;. This construction will be an edge case of the non-
linear iteration of generalized Hechler forcing we use in Chapter 4 in order to bound
the r-tower spectrum from above (Theorem 4.4). We begin by defining the classical,
single-stage Hechler forcing.

Definition 2.1. Denote by <“wt the set {s € <“w : s is strictly increasing} and
define “w? analogously. Hechler forcing D consists of conditions (s, f), where s €
<“w?, f €“w?r and

(s, f) < (s, f") : <= s 2 and f > [ and Vn € dom(s) \ dom(s') : s(n) > f'(n).

It is clear that for every D-generic filter G, the real g := |J{s : If (s, f) € G}
eventually dominates every ground model real. Furthermore, D satisfies the c.c.c.
since conditions with the same first coordinate are compatible. The central ingredient

10



we use in this subsection is the fact that iterations of D preserve certain splitting
families. More precisely, we show that eventually narrow sequences are preserved,
which implies the preservation of both eventually splitting sequences as well as of
towers.
Definition 2.2. A sequence (a¢ : £ € \) with a¢ € [w]¥ is

(i) eventually splitting iff

Vaew®*3IerVn>E:lanay| =la\ a,| =w,
(i) eventually narrow iff
Vaew“3EerAVn>E:ad” a,.

Note that (a¢ : £ € \) is eventually splitting iff (be : £ € A) is eventually narrow,
where bye = a¢ and by = w \ ae. If (ac : € € N) is well-ordered by 2* and A
is regular, it is a tower iff it is eventually narrow. Therefore, it suffices to show
that iterations of D preserve eventually narrow sequences in order to establish the
preservation of eventually splitting sequences and towers. Core to the argument that
this preservation holds for iterations of ID is the fact that open dense subsets of D
induce a certain rank function on <“w?.

Definition 2.3. Let D be an open dense subset of ID. Define by induction the
following sequence (D, : « € wy) in ““w?:

Dy :={t e ~“wt:3f(t, f) € D}
Da_;’_l = {t € <wa .
(i) Either t € D,, or

(i) 3 > dom(t) Htx : k € w} C D, : Vk € w [t C t Adom(tg) = I A
tr(dom(t)) > k|}

Do = Ugeq Dp if ais a limit ordinal.

Note that due to condition (i), the sequence (D, : « € w) is increasing with
respect to inclusion. Therefore, since <“w7? is countable, there must be a vy € w; such
that the sequence stabilizes at 7, i.e., Dy, = Dqy41.

Claim 2.1. D, = “~“w?

Proof. Assume by contradiction that there exists an s € <“w?\D,,. We say thatt D s
is a minimal extension of s if t € D, and for every dom(s) < k < dom(t) : ¢, & D.,.

11



Subclaim. For every n € w, there are at most finitely many minimal extensions of s
of length n, i.e., with domain n.

Proof. Assume that there exists some n € w such that there is an infinite set 1" of
minimal extensions of s of length n. Note that there is some dom(s) < i < n such
that {¢t(¢) : ¢ € T} is infinite. Let iy be the least such i. Note that {t|;, : t € T}
is finite. By the pigeonhole principle, we find some infinite subset 7" C T" and some
u € ““wt such that for all t € T" : t|;, = u and such that {t(ip) : ¢t € T"} is still
infinite. We may thus choose {t; : k& € w} C T” such that for all k € w : tx(ip) > k.
This however implies that u € D, = D,, by condition (ii) in the definition of
D.,+1, which contradicts the fact that the sequences in 7" are minimal extensions.

}_Subclaim

Let T, be the finite set of minimal extensions of s of length n. Construct a strictly
increasing function f € “w such that for all dom(s) <n <w: f(n) > max{t(n) : t €
Ty+1}- Since D is dense in D, there is some (¢, g) < (s, f) with (¢,g) € D. It follows
that t O s and that t € Dy C D,. Thus, there is some dom(s) < ¢ < dom(¢) such that
t|; is a minimal extension of s. However, this implies that f(i—1) > ¢|;(i—1) = t(i—1)
by definition of f, which contradicts (¢, g) < (s, f). FClaim

Hence, for every open dense D C D, there is a well-defined rank function on <“w7,
namely, rankp(s) := min{a € w; : s € D, }.

Proposition 2.1 ([3, Theorem 3.1]). If (a¢ : £ € \) with cf(\) > w is eventually
narrow in V, then it remains eventually narrow in any DD-generic extension of V.

Proof. Assume by contradiction that there exists a D-name # for an infinite subset
of w and some D-condition p = (5, f) such that pI- “V¢ € A Ip > € : & C* a,”. Let
h be such that |- “h € “w is the strictly increasing enumeration of .

Choose 6 large enough so that D € Hy, and let M be a countable elementary
submodel of H, with {D, ,&,h} C M. Since (a¢ : € € \) is eventually narrow in V,
there exists, for every y € [w]* N M, some £ € X such that Vn > £ : y €* a,. Since
[w]¥ N M is countable and cf(\) > w, there is some & € A such that Vn > & Vy €
(w]* N M :y €* a,. Now, by assumption, p forces the existence of some 7 > &, such
that & C* a,. Thus, there is some strengthening (so, fo) < p, some 19 > &, and some
ng € w such that (sg, fo) IF “Vj >ng:jet = j€a,” .

For every t € <“w? and every i € w, define

Zy(i) = {j € w: Vg € “wt 3q < (t,g) : q |- h(i) = j}.

12



Note that <“w? C M and Z;(i) is definable from parameters in M, which implies
that all the Z,(i) are elements of M.

Claim 2.2. Let ¢ be such that (¢, fo) < (so, fo) and let ¢ € w. Then Z,(i) # 0.

Proof. Consider the open dense set D := {g € D : 3j € w : ¢ IF “h(i) = j7}. We
prove the claim by induction on rankp(¢). If rankp(t) = 0, then there exists g € “wt
such that (¢,¢) |- k(i) = j for some j € w. Thus, for any ¢ € “w?t, we can let
¢" be the pointwise maximum of g and ¢ and then (¢, ¢”) extends (¢, ¢') and forces
"h(i) = j7, which settles this case.

Since Do = Jge, Dp if @ is a limit ordinal, the rank of ¢ must be a successor
ordinal. Therefore assume that ¢t € D,.; \ D,. By definition of D,.;, there exists
some set {tx : k € w} C D, of proper extensions of ¢ of length some fixed I, such
that for all k£ € w : tx(dom(t)) > k. By elementarity, such a set also exists in M,
therefore we can assume {t; : k € w} € M. Note that for k > ko := fo(l — 1), (tx, fo)
is a stronger condition than (¢, fy) and in particular, (¢, fo) < (o, fo), which implies
by the induction hypothesis that for these k, Z;, (i) # 0.

Subclaim. There exists some j € w such that j € Z;, (i) for infinitely many k.

Proof. Assume the contrary. Fix for each k > ko some ji € Z;, (i), for example the
minimal one. By assumption, J := {ji : k > ko} is infinite, and since J is defined
from parameters in M, we have J € M. Therefore, J ¢* a,,, which allows us to
fix some ky > ko such that jy, > ng and ji, ¢ a,,. By definition of Z;, (i), there
exists ¢ < (tg,, fo) with ¢ IF “h(i) = ji,” and therefore ¢ I “j,, € . However,
q < (i, fo) < (S0, fo) and therefore ¢ I “Vj > ng: j € & = j € a,,”, which
implies ji, € a,,, a contradiction. FSubclaim

By the subclaim, we can fix j, € w and X € [w]“ such that for all £k € X : jy €
Zy, (1). Let g € “wt. Fix k € X with k > g(I—1), i.e., (tx,9) < (t,g). By assumption,
there exists ¢ < (tx, g) with ¢ I- “h(i) = jo”, and thus jo € Z;(1). FClaim

By the above claim, Z, (i) # 0 for all i € w. Therefore, fix for each i € w some
Ji € Zs, (i) (for example the minimal one), and let J' = {j; : i € w}. Note that j; > ¢
since j; is forced to be the i’th element of &. Thus, J’ is infinite. Furthermore, since
the Zs, (i) are in M and J’ is definable from them, we have J' € M, and therefore
J ¢* ay,. Fix j; > ng with j; ¢ a,,. There exists ¢ < (so, fo) forcing "h(i) = i,
thus 7j; € #”, and finally, since (so, fo) IF “Vj >ng:j €& = j € a,,”, we obtain
the contradiction ¢ I- “j; € a,,”. O
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Theorem 2.1 ([3], Theorem 3.3). Let D, be the a-stage finite support iteration
of D and (a¢ : £ € \) an eventually narrow sequence in the ground model V with
cf(A) > w. Then (a¢ : £ € \) remains eventually narrow in every ID,-generic extension

of V.

Proof. The proof is by induction on «a. If « is a successor ordinal, Proposition 2.1
applies. If «v is a limit ordinal with cf(a) > w, then, for every D,-generic extension
VI[G] and every z € [w]” N V[G], z already appears in V[G|s] for some S € a by
Fact 1.4, and the induction hypothesis applies. Therefore, assume cf(a) = w, and let
(Bn : m € w) be a cofinal sequence in a.

Assume by contradiction that there exists a D,-generic extension V|[G] in which
there is some z € [w]* such that V€ € A Inp > £ : v C* q,. Let & be a Dy-name for  in
V. In VI[G], define the set X :={{ € A :3pe € G Ime € w: pe lbp, “&\ me C ac’},
which by assumption is cofinal in A. For each n € w, define in V[G|s,] the set
X, ={¢ € X:3pe € Glg,Ime € w:pe lbp, “@\me C ac’}. Since D, is a finite

support iteration, X = |J _ X, which implies by the pigeonhole principle that there

new
exists some fixed n € w such that X, is cofinal in A\. In V[G|g, ], we again apply the
pigeonhole principle to find some fixed m € w and some cofinal X’ C X,, such that
for all £ € X' : ne =m.

It follows in V[G|s] that IFp, = “V§ € X' :3/(G|g,) \m C a¢”, where Dy, , is the
quotient D, /(G|s,) and /(G|g,) is the quotient name of & in V[G|s,]. Consequently,
Fos, o “2/(Gls,) \' M C Neexr a¢”, which implies in particular that y := [N, x a¢ is
infinite. However, since X’ is cofinal, we have V§ € A In > £ : y C q,, contradicting
the fact that (a¢ : & € \) is eventually narrow in V|G|, ]. O

Corollary 2.1. Forcing with D, preserves eventually splitting sequences and towers.
We are now ready to prove the central theorem of this subsection.

Theorem 2.2. Let V = CH, let A > w; be regular and let G be D,-generic over V.
Then,
V[G] |:5:w1 <b=A\

Proof. The second equality is easy: Note that every B C “w in V[G] of cardinality
d < X already appears in V[G|,] for some o« < A, by letting h : § — “w be some
enumeration of B and applying Fact 1.4 to the set {{({,n,m) € d X w x w : h(§)(n) =
m}. Hence, B is eventually dominated by the D-generic real appearing at stage a.!

Note that B C V[G],] instead of B € V[G|,] would suffice, and the former can be obtained by
applying Fact 1.4 directly to each f € B and using the regularity of .
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This implies V[G] = b > A. The reverse inequality follows because V[G] = 2¢ < A,
which can be checked by counting nice names for reals.

For the equality s = w;, we could use the fact that there is an eventually splitting
sequence of length w; in V[G|,,] since at every earlier stage of the iteration with
countable cofinality, a Cohen real is added, and Cohen reals are splitting reals. How-
ever, using the fact that the reaping number v is uncountable and by the CH in V|,
there is an easier argument.

Lemma 2.1. In V, there is an eventually splitting sequence of length ws.

Proof. Let (x¢ : £ € wy) be an enumeration of [w]| in V. For every ¢ € wy, choose
ac such that a. splits every z¢ for £ € ¢. This is possible because ( is countable and
t > wy, where the reaping number t is the minimal cardinality of a subset of [w]*
not split by any single real (cf. [21, Theorem 9.5]). Now, (a¢ : ( € wy) is eventually
splitting. O

By Corollary 2.1, this eventually splitting sequence is still eventually splitting in
VI[G], which shows that V[G] = s = w. O

Finally, we prove an additional fact about the A-stage finite support iteration of
Hechler forcing that will be relevant in later chapters.

Theorem 2.3 ([3, Theorem 4.1]). Let V |= GCH, let A\ > w; be regular and let G be
D)-generic over V. Then, there are no w-towers of height A in V[G].

Proof. Assume towards a contradiction that (a¢ : £ € A) is an w-tower in V[G]. For
every a € A we have V[G|,] E 2¥ < A, which can be seen by counting nice names
for subsets of w. Since (a¢ : £ € ) is a tower in V|[G], there exists for each a € [w]*
some &(a) < A such that a €* a, for all n > {(a). Therefore, by regularity of \, we
can define in V]G] for every a < A : f(a) :=sup{{(a) : a € [w]* N V[G|.]} < A. By
the c.c.c. of Dy, there exists g € V such that g(a) > f(a) for all @ € \.? Define the
club Cy := {a € A : gla] C a}.

Claim 2.3. The set C':={a € X : (a¢ : £ € o) € V[G|,]} contains a club.

Proof. Let T be a Dy-name for {az : € € \) in V. For each £ € X\ and n € w, fix a
maximal antichain in Dy deciding "n € T(€)” and let Ag,, be its subchain consisting
of conditions that force "n € T(€)”. For each o < A, let S,, := {(op(€, &¢),0) : € € a},

where ¢ := J,c {7} X Aen. Clearly, S, is a Dy-name for (a¢ : { € o) in V. By

2Let g(a) :=sup{f €w:TIpeDy:pl f(a) = B}
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the c.c.c. of Dy and since X is regular, each S, is actually already a D,-name for
some 7 < A. Therefore, we can define the function f : A — A, f(a) := min{y € X :
S, is a Dy-name}. Since this is a normal function, the set of its fixed-points is a club
by Fact 1.2, and if f(a) = «, then (a¢ : € € a) € V[G].]. FClaim

It follows that C, N C' contains a club. Since {a € A : cf(a) = w; } is stationary,?
we can fix o € A such that cf(a) = wy, V8 € a: g(8) < o and (a¢ : € € o) € VI[G|a].
It follows that every a € [w]|* N V[G],] already appears at an earlier stage § < o and
since ¢g(f) < «, a is not a pseudo-intersection of (ag : £ € ). By extracting a cofinal
subsequence of «, (a¢ : £ € «) is therefore a tower in V[G|,], and thus remains a
tower in V[G] by Corollary 2.1, a contradiction. O

2.1.2 The Consistency of b < s

Having established the consistency of s < b, we now prove that the reverse inequality
b < s is consistent as well. This is a result originally due to Shelah [36], who intro-
duced creature forcing to obtain a model in which b = w; < s = wy. We will present
a more general result due to Brendle and Fischer [8], showing that for any regular
uncountable k < A, there is a c.c.c. forcing extension in which b =a=xk <s = A
This is done using a matrix iteration, a forcing construction originally introduced by
Blass and Shelah [6]. Before defining it, we define the forcing notions it will consist
of and establish some of their relevant properties.

Definition 2.4. Let U/ be an ultrafilter on w. Mathias forcing M, consists of condi-
tions (a, A) € [w]<¥ x U, where maxa < min A and

(a,A) < (d;A"Y : <= aDd and AC A and a\d C A"

Since conditions with the same first coordinate are compatible, My, satisfies the
c.c.c.. Furthermore, it is clear that forcing with M, adds a pseudo-intersection of U,
and thus a real not split by the ground-model reals.

In order to add a MAD-family, we need one half of the forcing notion introduced
by Hechler in [23]. A generalization of this forcing to the higher Baire space will
appear in Chapter 4.

Definition 2.5. For any ordinal v, MAD-Hechler forcing A, consists of conditions
p: F, xn, — 2, where F, € [y|<“ and n, € w. Define

q<p:<= gOpandforaliecn,\n,:|¢g'(1)N(F, x{i})| <1.

3Take the limit of the first w; many elements of a club.
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Lemma 2.2. A, satisfies the c.c.c.

Proof. For any uncountable A C A, there exists n € w such that n, = n for all
p € A, by the pigeonhole principle. By the A-system Lemma, we can extract an
uncountable A" C A and a root R € [y]<* such that F, N F, = R for all p # ¢ € A’
Clearly, the conditions in A" are pairwise compatible. O

For any A,-generic G, the family {A, : o € v} given by A, ={icw:Ip e G
p(a,i) = 1} is almost disjoint by construction. Furthermore, it is maximal almost
disjoint if 7 is regular uncountable, which can be checked using the c.c.c. of A..*

Note that A, can be decomposed into a two-step iteration as follows:

Definition 2.6. Let v < ¢, let G be A -generic and let {A, : a € v} be the generic
almost disjoint family induced by G. Let A, 5) consist of conditions (p, H), where

(i) H €[],
(ii) p: Fp xny, — 2, with F, € [§ \ 7]<¥ and n, € w.
The order is given by

q <p; P
(¢,K)<(p,H): <= (KD H
Vae HVYB € F,Vieng\n,: ifi € A, then ¢(5,7) = 0.

This is clearly isomorphic to the quotient A;/G, and thus A; decomposes as
A,y * A[%J).

The final forcing notion we need in order to define the matrix iteration is the
single stage Hechler forcing D, as defined in Definition 2.1 in the previous subsection.
The matrix iteration will be a system of the form

((Pag:a <K, C <N, (Qag o < K, C <N,

where for each o < k, the subsystem (P, ¢, ¢ < \), (Qac : ¢ < \)) is a linear finite
support iteration. Moreover, this will be done in such a way that for each { < A and
all 8 < a < &, the forcing notion P3¢ is a complete suborder of P, ..

More concretely, we first fix some surjection f: {n € A :n =1 mod 2} — & such
that f~!(«) is cofinal in X for every a € k. For a P, -generic G, we will denote by
V., the forcing extension V[G]. The matrix iteration will be inductively defined as
follows:

4The skeptical reader is encouraged to consult the proof of Proposition 4.1, where the relevant
argument is presented in the context of a different forcing notion.
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(i) ¢ =0: For every a < i, P, := A,. Thus, forcing with P, will add an almost
disjoint family {Ag : 5 € a} that is MAD for regular uncountable . Note that
since A, decomposes as Ag * A[ﬁ’a), Ps o will indeed by a complete suborder of
Paso-

(ii) ( =n+1, (=1mod 2: P, := IP’am*Qam, where Qam is a P, ,-name for Mb'la,rn
for Uy, a P,,-name for a yet to be defined ultrafilter. This ultrafilter will be
chosen carefully in order to realize two objectives: Making Pg . a complete
suborder of P, for all < a < K, and establishing the preservation of the
MAD-family {As : 5 € k} added by P, o. The construction of such an ultrafilter
will occupy the bulk of the proof.

(ili) ¢ =n+1, ( =0 mod 2: Again P, ¢ := P, * Qam. Here, Qa,n is a P, ,-name
for the trivial forcing notion if « < f(n). If a > f(n), Qa’n is a P, ,-name for
DV,

(iv) ¢ is a limit ordinal: For every o < k, P, is the finite support iteration

((Pay, 1 < (), (Qam 1 < ().

Preserving a MAD Family: In order to establish the preservation of MAD-
families mentioned in (ii), we define the following property and prove a series of
lemmas for it.

Definition 2.7. Let M C N be models of ZFC. Furthermore, let B = {B,
7} C [w]*NM and A € [w]* N N. We say that property ( * B’A V') holds iff for every
h:wx[y]<¥ = w with h € M and for every m € w, there exists n > m and F € [y]<¥
such that

[n, h(n, F)) U B, C A.

acF

Lemma 2.3. Let M, N, B = {B, : @ € 7} and A € [w]* be such that ( * %,’E)
holds. Denote by Z the ideal generated by B and the finite sets and let B € [w]* N M
be such that B ¢ Z. Then N = |[AN B| = w.

Proof. Since B ¢ I, we have that for every n € w and every F € [y]<“, B €
Uaer BaUn. Thus, there exists k, p > n with k, p € B\|J,cp Ba- Define h(n, F') :=
k,.r+1. By the property (* l\g”f ), there exists for each m € w some n > m and some

€ [7]<¥ such that [n,h(n, F)) \ Usep Ba € A. In particular, there exists above
each m € w some k, p € AN B. O
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Lemma 2.3 guarantees that if (* I\g”AN) holds, B is almost disjoint and B extends B
to a larger almost disjoint family, then B is not almost disjoint from A. The following
lemma establishes that this applies to the almost disjoint family introduced by A, .

Lemma 2.4. Let G be A, -generic over V, G|, :== GNA, and let {A, : v € 7+ 1}
be the almost disjoint family induced by G. Let A, := {A, : a € 7} be its A-generic
subfamily. Then (>|< V[S’L”’]’ AY[G]) holds.

Proof. Let h : w x [y]<¥ — w with h € V[G],], let m € w and let (p, H) be any
A}, H41)-condition. We can assume that dom(p) = {7y} x n,. Let n > max{n,, m}.
Define dom(q) := {7} x n,, where n, := h(n, H), and define

p(v,i) ifien,

q(v,i) =11 if i € ng\np and i ¢ J,cpy Aa
0 else.
It follows that (g, H) is stronger than (p, H) and (g, H) IFa, ., “[n,h(n, H)) \
Uner Aa € A, O

Next, we prove that ( * l\g’}:) is preserved under forcing over M.

Lemma 2.5. Let M C N be models of ZFC, P € M a forcing notion with P C M
and B = {B, :a € 7} € M, A € N such that (* 3’y ) holds. Then (1 MGN)
holds for any G that is P-generic over N (and thus over M).

Proof. Assume by contradiction that there exists h : w X [y]<* — w in M[G] and
m € w such that for all n > m and F € [y]<“: N[G] = [n,h(n, F)) \ Uper Ba € A.
Let i be a P-name for h in M. There exists p € G such that, in N, p IF “Vn >
m,VF € [y]<“ : [n,7(n, F)) \ Upep Ba € A”. For all n, F, there is some p, r < p
and some k, p € w such that, in M, p, g IF “h(n, F) =k, ¢". Therefore, again in N,
P IF €[, knp) \ Uper Ba € A7, and thus, the function hg : w x [y]< — w given by
ho(n, F) := k, p contradicts ( * 1\{/3111:1) O

Similarly, we have the following.

Lemma 2.6. Let ¢ be a limit ordinal and for [ € {0, 1}, let P, be the finite support
iteration ((Pr,,, 1 < (), (Q, : 7 < ()), where Py, is a complete suborder of PP ,, for
every 1 € ¢. Write Vi, for a IP;,-generic extension of the ground model V;,. Then,

(i) Py is a complete suborder of PPy .
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(ii) Let B={By:a €7} € Vg and A € Vy be such that (* Vog’vl ") holds for
every n € (. Then (* VOCV“) holds.

Proof. (i) Clearly, Py C IP; - and incompatible conditions in Py  remain incompatible
in P, .. For any P; -condition p, there exists 1 € ¢ such that p € P, ,, because p has
finite support. Since Py, is a complete suborder of P, ,,, there exists a reduction g of
p in Py, (with respect to P ,). However, it is easy to check that ¢ is also a reduction
of p with respect to P; ..

(ii) Assume by contradiction that there exists a Py ¢c-name &, a Py ~condition p
and m € w such that p IFp, . “Vn > m,VF € [y]<¥ : [n, h(n, F)) \ Uuser Ba € A”.
Since [P ¢ is a finite support iteration, there is n € ¢ such that p is in Py ,. Let Gy,
be Py ,-generic with p € G and Gy, := Gy ,,ﬁ]P’m7 Now, in Vi, := V;[Gy,,] we have
that IFe, /., “¥n > m,VF € [4]< : n,h(n, F)) \ Uocr Ba ¢ A”, where h is the
quotient name h/GO y of h in Vi, As in the proof of Lemma 2.5, let py r € Po¢/Go,
be such that py r IFp, /0., h(n F) =k, p for some k, p € w. The function hy € Vy,,
given by ho(n, F) := kn r yields a contradiction to ( VOg,:XI*" ). O

Extending the Ultrafilters: The following lemma is the central ingredient needed
to define the matrix iteration.

Lemma 2.7. Let M C N be models of ZFC, let B={B, : a € v} C [w]* "M and
let A € [w]* NN be such that ( * BA ) holds. Let U be an ultrafilter on w in M.
Then, in N, there is an ultrafilter ¥V O U such that

(i) If C is a maximal antichain of M, in M, then C' is a maximal antichain of M,
in N.

(ii) (= M[C;]”IT[G]) holds for any G that is M -generic over N.

Proof. We work in N. We need to extend U to an ultrafilter in such a way as to
avoid forbidden subsets of w, where a subset is forbidden if adding it to the ultrafilter
would violate either (i) or (ii) above.

It is clear which subsets must be forbidden in order to avoid property (i) being
violated: For s € [w]<* and a maximal antichain C' C M, in M, we say that X C w is
forbidden by s and C'if (s, X) is incompatible with every element of C'. Crucially, note
that incompatibility of (s, X) with some My,-condition (s’; X’) does not depend on
the yet to be defined ultrafilter V since this simply means that there is no s” € [w]<*
such that s”\ s € X and s"\ s’ € X".
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If property (ii) is violated, there would be some condition (¢,Y") in the extended
Mathias forcing, some My, name h in M and some m € w such that (¢,Y) forces
that for every n > m and every F € [y]<“: "[n, h(n, F)) \ Uper Ba € A”. Let DL"F
be maximal antichains in M, and gﬁ’ P DZF — w such that for all p € Di P
p Ik, “h(n,F) = gﬁF(p)”. We say that Y C w is forbidden by /i and ¢ as above
if for every n € w and F € [y]<¥: (t,Y) is incompatible with every p € DQ’ p for
which [n, gfll, #(0)) \ Uper Ba C© A.° Note that every subset of a forbidden set is also
forbidden.

Denote by Z the ideal generated by all the forbidden subsets of w. Assume ZNU =
(), which we prove below. Now, we obtain the desired ultrafilter by applying the
Kuratowski-Zorn-Lemma to the set of filter-extensions of U that are disjoint from Z.

Claim 2.4. ZNnU = 0.

Proof. Assume by contradiction that there are sets X;,Y;, ¢ € k, such that X, is
forbidden by s; and C; and Y; is forbidden by hl and ¢; and Z := Uiek X;UY;, el.
We may assume that the X; and Y; are all pairwise disjoint since subsets of forbidden
sets are forbidden. Fix the following terminology: Some r € [w]<¥ is permitted by a
Mathias-condition (s, X) iff s C 7 and r \ s € X. Furthermore, r is permitted by an
antichain C' iff there exists a p € C' that permits r. Note that conditions (s, X) and
(s', X') are compatible iff there is some r € [w]<* permitted by both of them.

Subclaim. In M, there exists h : w X [y]<¥ — w such that for all n, F: h(n, F) >n
and for every partition of Z N [n, h(n, F')) into 2k pieces, there exists one piece x such
that

(a) For all i € k, there exists t C 2 such that C; permits s; U .

(b) For all i € k, there exists ¢t C x and some p € DﬁfF with gziF(p) < h(n, F') that
permits ¢; U t.

Proof. We can work in M since the subclaim only mentions sets in M. Assume by
contradiction that there exist n, F' such that for all M > n, there is a partition of
Z N [n, M) such that none of its pieces satisfy both (a) and (b). In other words, for
every M > n, there is a function fy; : Z N [n, M) — 2k such that for all j € 2k:
fa/ () does not satisfy both (a) and (b). Note that if either (a) or (b) fails for a
piece z, then it fails for every subset of z, thus fi/|znp,ar) works as a witness for the

5Note that this way, every (£,Y) that introduces a violation of (ii) through A and m is forbidden
by t,h’, where h’ names the same function as h above m and is constantly h(m, F') below m.
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failure of (a) or (b) for every M’ < M. It follows that {fy : M > n} is an infinite
tree, and thus by Konig’s Lemma, it has an infinite branch f : Z \ n — 2k. Now,
{f7'(4) : j € 2k} is a partition of the entire Z \ n into 2k pieces such that none
satisfies both (a) and (b).

Since U is an ultrafilter, one of these pieces X is in U. For every i € k, there
is some p € C; that is compatible with (s;, X \ (maxs;)*) by maximality of C;. In
particular, there is ¢ C X such that p permits s; Ut, and analogously, there is some
qE DZF that permits ¢; Ut’ for some ¢/ C X. A contradiction. FSubelaim

We continue with the proof of Claim 2.4. Fix h as in the subclaim. For any n,F,
consider the partition

{Xinn,h(n, F)),Y;N[n,h(n, F)):ieck}

of Z N [n, F). There must be some piece that satisfies (i) and (ii) in the subclaim.

If X;N[n,h(n, F)) is that piece, there exists t C X; N [n, h(n, F)) C X; such that
s; Ut is permitted by some p € C;, which implies that (s;, X;) and p are compatible,
contradicting the fact that X; is forbidden by s; and Cj.

Therefore, some Y; N [n, h(n, F')) must be the piece as in the subclaim, meaning
that there exists t C Y; N [n,h(n, F)) and p € DhF with gnF( ) < h(n,F) such
that p permits ¢; Ut. In particular, p and (t;,Y;) are compatible. It follows that
n, gZF(p)) \ Uner Ba € A, by the definition of Y; being forbidden by h; and ¢;. In
particular, we have [n, h(n, F)))\U,cr Ba € A. Since this holds for any n, F', we have
a contradiction to property ( * 1\1/31’,1121 ) Fclaim O

We need one final well-known fact in order to prove the main theorem of this
subsection.

Lemma 2.8 (cf. [8, Lemma 13]). Let P be a complete suborder of Q, let A be a
P-name for a forcing notion and let B be a Q-name for a forcing notion. Furthermore,
assume that IFq “A C B and every maximal antichain of A in V|G [p] is & maximal
antichain of B in V[G]”. Then, P % A is a complete suborder of Q * B.

Theorem 2.4. Let k < A be regular uncountable cardinals in the ground model V.
There is a c.c.c. forcing extension of V in which b=a=xr <s= A\

Proof. We recursively define the matrix iteration
((Pag: @ <K, ¢ < A), (Qag s @ < K, C<A))
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as described earlier, such that the following two conditions are satisfied, where A, =
{Ags, B € a} is the A,-generic almost disjoint family in V.

(i) For every ¢ < A and all § < a < k, Pg is a complete suborder of P, ..

(ii) For every ( < X and 8 < &, ( * Vﬁj’:j;l’g) holds.
By recursion on (. For ¢ = 0 and a < &, we have already seen that P,y := A,
satisfies (i). On the other hand, property (ii) is satisfied by Lemma 2.4.

Assume that ( =n+1, ( =1 mod 2, and P, , has been defined for all o < & in
such a way that (i) and (ii) are satisfied. For a = 0, let Uy, be any P, -name for
an ultrafilter and let Qo,n be a Py ,-name for Muo,n‘ Define Py := Py, * Qo,n- We
proceed by induction and first assume that o = $ + 1. By Lemma 2.7, there is a
P, ,-name U, , for an ultrafilter such that
(

(a) ”Ug,,, - Z]a,n” and

(b) "every maximal antichain of My, in Vg, is a maxi-
IFp,., < mal antichain of My, ~in V,,” and

” V3.6 Vag 9 . ) .
(c) ( * 0 AaAg ) holds”, where V, is a Mum—generlc
extension of V.

\

Let Q,., be a P, ,-name for My, , and set Po ¢ == Poy * Qu.y- By Lemma 2.8, Py is
a complete suborder of P, . Condition (ii) is satisfied due to (c).

If o is a limit ordinal, consider the filter named by (J,_,, Us,. Tf cfa) > w,
this is an ultrafilter and (b) is satisfied for every f < « since every real in V,,
already appears in some earlier Vg,. In the case cf(a) = w, we need to extend it to
an ultrafilter first, such that (i) and (ii) are satisfied, using similar arguments as in
Lemma 2.7. For the details, see Blass and Shelah [6, p. 266].

If ( =n+1, ¢ =0mod 2, we define P, = P, * Qa,n as described earlier: If
a < f(n), let Qa,n be a P, ,-name for the trivial forcing notion and if a > f(n), let
Q. be aP,,-name for DVsm .. Tt is easy to see that this satisfies (i): If 5 < a < f(n),
then Ps . = Pg, and P, = P,,, which yields (i) by the induction hypothesis. If
B < f(n) < «, then Pg, = Pg, is a complete suborder of P, , by the induction
hypothesis and thus of Py, * Qu,, = Pac. If f(1) < B < a, then Py, is a complete
suborder of P, by Lemma 2.8. Similarly, (ii) follows from the induction hypothesis
for § < f(n) and from Lemma 2.5 for g > f(n).

Finally, if ¢ is a limit ordinal, we let P,  be the finite support iteration ((P,,, n <
), {Qu 1 < C)). Then, (i) and (i) are satisfies by Lemma 2.6.
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Claim 2.5. Let ¢ < A. Then,

(i) For every PP -condition p, there exists ¢ <p_, p and a <  such that ¢ is
already a PP, (-condition.

(ii) If f is a P, c-name for a real, there exists & < s and a nice P, -name g such
that Ikp, . f = g.

Proof. By induction on (. Note that (ii) follows from (i) since P, satisfies the
c.c.c. and k is regular. If ( = 0, then (i) follows directly from the definition of A,. If
¢ =n+1landp € P, then pis of the form py ™ ¢, where py is a P, ,-condition and ¢ is
a P, ,-name for either a Mathias condition or a Hechler condition. By strengthening
Po to p1, we can assume that ¢ is of the form op($, ), where s € [w]|<¥ or s € ““w
and Z is a name for an element of either [w]* or “w. In either case, by the induction
hypothesis, there is some o < x such that @ is equivalent to a nice P, ,-name y. Also
by the induction hypothesis, there exists p, <p, , p1 such that p, is a P, ;-condition
for some o’ < k. It follows that p, ™ op(3,¥) is in Prax{a,a}.c-

Finally, if ¢ is a limit ordinal and p € P, ., then p already lies in P, , for some
n < ¢ since [P, ¢ is a finite support iteration. By the induction hypothesis, there exists
q <p,, p that is in P, , for some o < k. Hence, ¢ is in P, . F Claim

Claim 2.6. V,, EFb=a=r<s= A\

Proof. In V., we have b < a < k since b < a is a well-known ZFC inequality® and
because the almost disjoint family {A, : a € k} remains MAD in V, ,: For every
B € [w]¥ NV, there exists a < k such that B € V,, , by Claim 2.5. Either B has
infinite intersection with one of the Az € A,, or B is not in the ideal Z generated by
A, and the finite sets, and therefore |B N A,| = w by Lemma 2.3.

For any B C “w NV, of cardinality <s, there exists again by Claim 2.5 and by
regularity of £ some o < x and ¢ < A such that B C “wNV, . Since f~!(«a) is cofinal
in A, there is some ¢’ > ¢ such that f({') = a. Thus, Poy1,c41 = Pagrer * Qaﬂvcl,
where Qa+1,<’ is a Po41,¢c-name for DVad . Tt follows that there is a real z in Vo141
dominating “w NV, ¢, and thus in particular B. Consequently, V,, ) = b > &, which
by the above yields V,, Eb=a = k.

Finally, every S C [w]* NV, of cardinality <\ already appears in V,,, for some
n < A with 7 = 0 mod 2. The subsequent Mathias forcing then adds a real not split
by [w]* N'V,,. On the other hand, since D adds dominating reals, it adds splitting
reals, which yields a splitting family of cardinality A. Thus Vo Es= A  Fcpaim O

bsee, for example, [21, Theorem 9.7].
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2.2 The Generalized Characteristics s(x) and b(k)

2.2.1 s(k) and Large Cardinals

Before proving that the independence of s and b fails in the higher Baire spaces,
we show how the value of §(x) is linked to two large cardinal assumptions on . In
particular, the inequality s(x) > x™, which we might expect to hold for any cardinal
characteristic, is equivalent to x being weakly compact. We first give a proof that
s(k) > k holds if and only if k is strongly inaccessible, a result originally due to
Motoyoshi [31].

Theorem 2.5 ([31], cf. [40, Lemma 3]). s(k) > & is equivalent to x being strongly
inaccessible.

Proof. First, assume that s is not strongly inaccessible. Let A\ < x be the least
cardinal with 2* > k. Fix some injection ¢ : K — *2 and define for each s € <*2 the
set by := {a € k : s C p(a)}. Note that the family S := {b, : s € <*2} N [x]" has
cardinality <k, by the minimality of A\. We show that S is a splitting family.

Assume by contradiction that there exists y € [k]|® not split by S. Define X :=
{s € <*2:|bsNy| = k}. By assumption, we have by, Nb,, # () for all sg,s; € X, and
hence, for every a € by, Nbg, : S0, 51 C (), showing that X is linearly ordered by
7C”. Consequently, there exists f € *2 such that all s € X are initial segments of
f, which implies that for every a € y \ ¢~ !(f), there is an initial segment ¢ of p(a)
such that ¢ ¢ X. Thus, y \ ¢ '(f) CU{b:Na:t € <*2\ X}. However, the latter is
a union of <k many sets of cardinality <« and y \ ¢~ '(f) has cardinality x.

For the other direction, we use the following lemma, which we will reuse in the
proof of Theorem 2.6.

Lemma 2.9. Assume that  is strongly inaccessible and that S C []" is of cardinality
<k. There exists a decomposition S = By U B; such that the set C' := By \ U B1
has cardinality &

Proof. Let S C [k]" be of cardinality A < k. For a sufficiently large 6, let M be an
elementary submodel of Hy, such that k € M, P(S) C M and |M| = 2* < k. Let
sup(k N M) < 0 < k and define By :={r € S:0 € z} and By :={r € §: 0 ¢ z}.
Note that By, By € M since P(S) C M. In particular, it follows that C' € M. Since
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d € C, we have for every a € kN M: Hy =35 € C : 5 > «, and therefore, since M
is an elementary submodel of Hy, the set C'N M is unbounded in kN M. Thus, again
by elementarity, |C| = k. O

Now, let S C [k]" be of cardinality <x and By, B, C as in the lemma. For every
x € S, either x € By, in which case C' C z, or x € By, in which case C Nz = (). In
both cases, x does not split C', and hence S is not a splitting family. O

Next, we prove the main result of this subsection, the equivalence of s(k) > k™
and weak compactness of k. This is originally due to Suzuki [38]. The proof presented
here is based both on Raghavan and Shelah [32] and on Zapletal [40].

Theorem 2.6 ([38, Theorem 1], cf. [32, Lemma 3.1], [40, Lemma 4]). s(k) > st if
and only if k is weakly compact.

Proof. Assume that s(k) > kT and let 7 : [k]> — 2 be a coloring. We need to find
some A € [k]* that is monochromatic with respect to 7.

Define for each @ € x and j € 2 the set K,; := {f > a : 7({a,5}) = j}.
By assumption, {K,o : @ € k} is not a splitting family, hence there exists some
x € [k]" such that for all a € k, either z C* K, or # C* K, ;. By the pigeonhole
principle, we find y C x of cardinality x such that, without loss of generality, for
all o € y 1 CF K,o. We define A = {7, : @ € K} C y by induction as follows:
Suppose (e : € € a) € *y is defined. For every ¢ € a, let ¢ € k be minimal such
that 2\ 6¢ € K, o and d¢ < J¢ for all £’ < & Let § := sup{d; : { € a} and set
Yo :=miny \ 6.

Clearly, o < f implies 7, < 73, and thus, A € [k]". Furthermore, by construction,
T(Ya,v78) = 0 for all @ < f < k, and hence, A is monochromatic.

We prove the other direction via the tree property. Assume s is weakly compact
and let S = {a¢ : € € k} be of cardinality . We show that S is not a splitting family.
Let T' C <%2 be the following tree:

T := U{t € “2: The set C; := ﬂ ag \ U a¢ has cardinality x}.
aER (e (e
t(§)=1 t(£)=0
Since k is inaccessible, each level of T has cardinality at most 2¢ < k. Furthermore,
by Lemma 2.9 in the proof of Theorem 2.5, for every a € k there exists t € T N *2,
and hence, T has height k. Now, by the weak compactness of k, T" has a cofinal
branch f: x — 2.
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By induction, construct a strictly increasing sequence (3, : « € k) with 3, € Cy,
and set C' := {f, : @ € k}. For any £ € &, either {8, : a > £} Cag if f(§) =1 or
{Ba:a>E&Nag=01if f(§) =0. In both cases, ag does not split C, showing that S
is not a splitting family. O

2.2.2 ZFC proves s(x) < b(x) for Regular Uncountable «

The following observation is due to Schilhan [35]. Apart from allowing us to simplify
Raghavan’s and Shelah’s proof of the main theorem of this subsection, it will be
important in Chapter 4.

Lemma 2.10 ([35, Theorem 2.5, Theorem 2.9]). Let x be regular uncountable. Then
b(k) = ta(k).

Proof. First, let B C "k be an unbounded family of cardinality b(x). We may assume
without loss of generality that B is well-ordered by <*, ie., B = {g¢ : £ € b(k)}
and £ < ¢ = g¢ <" go. Furthermore, we can assume that the g € B are
strictly increasing. Consider the sequence of clubs (ce : £ € b(k)), where ¢ :=
{a € Kk : ge[a] C a}. It is easy to check that this sequence is well-ordered by D*.

K

Furthermore, if p € [k]* were a pseudo-intersection of the ¢, the function f, € "k
given by f,(a) := min(p \ (o + 1)) would dominate B.

On the other hand, for any set H of clubs without a pseudo-intersection, the
family {f. : ¢ € H} C "k is unbounded since if g € "k were dominating, the club

{a € K : gla] C a} would pseudo-intersect H. O

In particular, Lemma 2.10 implies that b(k) € sp(t(x)) for regular uncountable
k. While not necessary for the proof of the main theorem of this subsection, the
following lemma provides a corresponding result for the case kK = w.

Lemma 2.11 (Folklore). Assume b(w) < ?(w). Then b(w) € sp(t(w)).

Proof. Let B = {g¢ : £ € b(w)} C “w be unbounded and such that { < ¢ = g¢ <*
ger. Assume further that every ge € B is strictly increasing. Since b(w) < d(w), there
exists f € “w that is not dominated by B. For each { € b(w), let ag :={n € w: f(n) >
ge(n)}. Clearly, the sequence (a¢ : € € b(w)) is well-ordered by D*. If it were pseudo-
intersected by p € [w]®, the function f, € “w given by f,(n) := f(min(p \ (n + 1)))
would dominate B. O
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Note that the assumption b(w) < d(w) is necessary: The model constructed in
Section 2.1.1 satisfies b(w) = 9(w) = 2 = A, but contains no w-tower of height A by
Theorem 2.3. Next, we prove the main theorem of this subsection, Raghavan’s and
Shelah’s surprising discovery that the higher characteristics s(x) and b(k) are not
independent.

Theorem 2.7 (cf. [32, Theorem 1.10]). For k regular uncountable, s(x) < b(k).

Proof. Assume by contradiction that b(k) < s(k), i.e., by Lemma 2.10, x < b(k) =
ta(k) =1 A < s(k). Let (ce : £ € \) be a k-club-tower of height X. For a large enough
6, let M be an elementary submodel of Hy such that A C M, {cc : £ € \} € M
and |M| = A. By assumption, [k]" N M is not a splitting family, hence there exists
some Ay € [k]" such that for all x € [k]" N M : Ay C* z or Ay C* k \ z. Define the
filler F := {z € [k]" N M : Ag C* x}, which is an ultrafilter over M. Note that F is
k-complete, i.e., intersections of fewer than x many elements of F are in F. We use
the following lemma, which is similar to a result by Scott (cf. [28, Ex. 5.12]).

Lemma 2.12. There exists f. € "k N M such that for every club C' € [s]* N M :
O e T

We prove this lemma below. Assuming we have it, we find that for each ¢ <
A filt(ce) € F, and thus Ay C* f'(ce). Hence, for all £ € X : fi(Ag) C* ¢,
which contradicts the assumption that (cc : £ € A) is a tower, provided f.(Ay) is of
cardinality x. But this is easy to see because for every 3 € k, the set k\ 3 is a club and
an element of M (since x C M), which implies by the Lemma that f (s \ 3) € F.
Therefore, Ay C* f,1(x \ B), and in particular there exists a € Ay with f,(a) > 3.

*

Proof of Lemma 2.12. Define the following equivalence relation on “x N M:
Vi,ge"sNM: fr~rg:<= {ack: fla)=g(a)} € F.

Denote the equivalence class of f by [f]z and set L := {[f]r : f € "k N M}. Define
the following order on L.

flr <rlglr: = {a€r: fla) <gla)} € F.

Since F is a filter, this is well-defined and <z is transitive. Denote by i € "k the
identity function on k and for each a € k, let ¢, € "k be the function that is constantly
equal to . Note that the ¢, and i are in M, since K U {sk} C M.
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For any 0 < x and any partition (X, : £ € §) € M of k, there is a unique ¢ € ¢
with X, € F: Since § C M, each X is in M, and hence each x \ X¢ is in M. If none
of the X¢ were in F, each s\ X¢ would be and thus, by s-completeness of F, it would
follow that () = N5k \ Xe € F.

Claim 2.7. L is well-ordered by <x.

Proof. For all [f]#,[g]r € L, the sets {a € k : f(a) = g(a)}, {a € k: f(a) < g(a)}
and {o € k: f(a) > g(a)} are in M and partition k. Hence, exactly one of them is
in F, which shows that <z is a linear ordering. To check that <z is a well-ordering,
assume by contradiction that ([f;]# : j € w) is strictly descending with respect to <.
Thus, for each j € w, the set X; :={a € k: fj11(a) < fj(a)} is in F. Since k > w,
the set X =) icw X is in F by k-completeness.” In particular X # (. Hence, for
f € X, the sequence (f;(5) : j € w) is a strictly descending sequence of ordinals,
which is a contradiction. F Claim

In particular, note that [i]# is an upper bound for the set {[c.|F : a € K}, and
hence, since <z is a well-ordering, {[c.]|7 : @ € K} has a least upper bound [f,]#. It
remains to prove that f, is the required function, i.e., that f_1(C) € F for every club
Celk"NM.

Assume by contradiction that for some C' € [s]* N M, f71(C) ¢ F. Since f,,
C and k are in M, f71(C) and &\ f7H(C) = f7'(x\ C) are as well, and thus,
Y = f7'(k\ C) € F. Define f : k = K, f(a):=sup(CN f.(a)) and note f € M.
For every a € Y, f.(a) ¢ C, and therefore, since C' is closed, f(a) < f.(«), which
shows that [f]r <z [f«]#. Since C is unbounded, there exists for each 5 € k some
d > f with 0 € C, and because [cs|r <r [f«]7, the set Z :={a € k: f(a) >} isin
F. For each a € Z : cs(a) = B < 0 < f(a), which shows [cs]7 <z [f]#. Hence, [f]F
is an upper bound for {[cs]r : f € k} and [f]r <r [f.]#, a contradiction. oo

"Note that x > w is necessary here. For k = w, a strictly descending sequence as above is given
by setting f;(n) :=n — j for n > j and f;(n) := 0 otherwise.
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Chapter 3

Separating s(x) and b(x) at Large
Cardinals

Having established that s(x) < b(k) for uncountable s, the main goal of this chapter
is to show that the separation s(x) < b(k) is consistent at many s simultaneously.
Stated in this form, this is of course trivial since by Theorem 2.6, s(k) < k < b(k)
if x is not weakly compact. Hence, we want a model in which s(k) < b(x) for many
weakly compact k simultaneously. As explained previously, we assume a slightly
stronger large cardinal property of x — namely strong unfoldability — in order to
ensure that k remains weakly compact after forcing the separation. The definition of
strong unfoldability is somewhat technical.

Definition 3.1. Denote by ZFC™ the axioms of ZFC without the power set axiom
and let # be an ordinal. A cardinal k is #-strongly unfoldable iff x is inaccessible and
for every transitive set model M | ZFC™ with |M| = k, k € M and <"M C M,
there exists a transitive set model N and an elementary embedding j : M — N with
critical point x such that 6 < j(k) and Vg C N. A cardinal & is strongly unfoldable
iff it is #-strongly unfoldable for every ordinal 6.

The following fact is due to Villaveces [39].

Fact 3.1 ([39, Proposition 1.6]). Every strongly unfoldable cardinal is weakly com-
pact.

Relevant for our purposes is Johnstones indestructibility result [26] mentioned in
the overview. In order to state it, we need to define the notion of a k-proper forcing.
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Definition 3.2. Assume that  is a cardinal with k<% = k. A forcing notion P is
k-proper iff for all sufficiently large regular A, there is an x € H, such that for every
elementary submodel X of H, with |X| = k, <*X C X and {k,P,z} C X, there
exists for every p € PN X an X-generic ¢ < p. Recall that ¢ is X -generic iff every
P-generic filter G over V with ¢ € G intersects every dense set D € X in X, meaning
GNDNX #0.

Fact 3.2 ([26, Fact 13.4]). Every x*-c.c. forcing notion is k-proper.
Here is the crucial theorem. We provide a sketch of its proof below.

Theorem 3.1 (Johnstone [26, Main Theorem]). For every strongly unfoldable cardi-
nal x, there exists a forcing notion P, the lottery preparation of k, such that forcing
with P makes the strong unfoldability of x indestructible by every r-closed, x-proper
forcing notion. Furthermore, P satisfies the x-c.c. and P € H,.+.

Thus, precomposing the forcing notion separating s(x) and b(x) — which will be
k-closed and satisfy the xT-c.c. — with the lottery preparation, we can ensure that
k remains strongly unfoldable and hence weakly compact in the extension. In fact,
it follows from [26, Fact 25| that such a preparatory forcing is necessary: Should we
happen to force directly over the ground model L, the weak compactness of x would
indeed be destroyed in the extension.

The subsequent few pages sketch the proof of Theorem 3.1. In order to construct
a model in which s(k) < b(k) only at a single cardinal s, which was done by Bag
and Fischer [1] (cf. Section 3.1), Theorem 3.1 can be applied as a black box!, and
the reader interested in that result may therefore skip ahead to Section 3.1. For the
global separation (Section 3.2) however, some of the details in the construction of the
lottery preparation are relevant.

Proof of Theorem 3.1 (Sketch). Fix the following terminology: For a strongly inac-
cessible k, any transitive M = ZFC™ with |M| =k, Kk € M and <"M C M is called
a k-model. Furthermore, an elementary embedding j : M — N with critical point &
such that 0 < j(k) and Vg C N is called a 0-strong unfoldability embedding.

As noted above, P is the lottery preparation of k, a tool developed by Hamkins
in [22]. For a collection A of forcing notions, denote by € .A the forcing notion
{{@Q,p) : Q € A p € QtU{l}, where 1 is the maximal element and (Q,p) <
(Q,p) <= Q=Q and p <g p'. Since a @ A-generic filter is simply a Q-generic

In fact, so can the definition of strong unfoldability itself.
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filter for a ‘randomly’ selected Q € A, the forcing notion € A is called the lottery
sum of A. With this lottery sum, we define the lottery preparation of k relative to
some fixed (partial) function f € *k: It is the length & iteration with Easton support
which at stage v € &, if v € dom(f) and f[y] C =, consists of the lottery sum of all
the v-closed forcing notions Q € Hy(,)+ in a P -generic extension. All other stages of
the lottery preparation are trivial.

The lottery preparation used in the proof is relative to an f € "k with the so
called Menas property for k. This means that for every ordinal § and every x-model
M with f € M, there exists a #-strong unfoldability embedding j : M — N such
that j(f)(k) > 35. We omit the proof that a function with the Menas property for
K exists.

Fix any f € "k with the Menas property for s, let P be the lottery preparation
of k relative to f and Q a P-name for a s-closed, k-proper forcing notion. Further-
more, fix an ordinal . We need the following alternative characterisation of #-strong
unfoldability:

Fact 3.3 ([26, Fact 4]). A cardinal k is f-strongly unfoldable iff for every A C &,
there exists a k-model M and a #-strong unfoldability embedding j : M — N such
that A € M.

Hence, to show that s remains 6-strongly unfoldable in any P x (@—generic ex-
tension, we need to show that for any subset A of k in the extension, the set of
P % Q-conditions forcing the existence of a k-model containing A and of a 6-strong
unfoldability embedding of this k-model, are dense in P % Q. Let A be a P * Q-name
for a subset of x and ' any P * Q-condition.

First, note that one can prove that P x Q is k-proper. Choose A large enough
so that H, witnesses this and contains all the relevant sets. Let X < H, be of size
k such that <*X C X and {k,r’, P, f,Q,A,Q} C X. By k-properness, there is an
X-generic < /. Let G * g be P Q-generic over V with r € (G % g). The claim
is that  is the required condition, i.e., that in V[G x g], the set A := A[G] can be
placed in a k-model with a corresponding embedding.

Let 7 : (X, €) — (M, €) be the Mostowski-collapse of X, so that M is a k-model.
By induction, 7|y, = id, which implies that 7 fixes x, P and f, but generally collapses
Q to 7(Q) =: Qp and A to 7m(A) =: Ay. Since r is (6 + 1)-strongly unfoldable, there
exists a (6 + 1)-strong unfoldability embedding j : M — N. By a result in [13], we
may assume that [N| = Jg;; and that % N C N. Furthermore, by possibly including
an additional forcing, Johnstone shows that we may assume Jp 1 = 3.
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From the fact that G % g is X-generic — since it contains r — it follows with a
bit of work that the pointwise image 7[G * g] is of the form G * g, where G is M-
generic for P and gq is M [G]-generic for Qy := Qo[G]. Crucially, it further follows that
A = Ay[G * go]. Thus, A € M[G * go], which gives us a candidate x-model containing
A.

The core of the proof now consist in finding a #-strong unfoldability embedding
of M[G * go]. This is done by lifting the embedding j : M — N twice — first to an
embedding j : M[G] — N[j(G)] and then the latter to an embedding j : M[G][go] —
N[j(G)][7(g0)]- By the lifting criterion, this succeeds if and only if there exists,
firstly, an N-generic filter j(G) for the forcing notion j(IP) such that j[G] C j(G), and
secondly, an N[j(G)]-generic filter j(go) for j(Qp) such that j[go] C j(go).

To construct the filter j(G) for j(P), note that in N, j(P) is the lottery preparation
of j(k) > k relative to j(f). Since f has the Menas property, j(f)(k) is large enough
so that at stage k of the iteration j(IP), the forcing notion Q appears in the lottery
sum. Therefore, by constructing the filter above a condition that selects Q as the
'winning’ forcing notion at stage k, we can decompose j(P) as P x Q * Py Since, by
elementarity, we already have an N-generic filter for P Q, namely G * g, we only
need to construct an N[G * g]-generic filter Gy for Py and set j(G) := G * g * Gy
Such a G,y can be constructed by diagonalization, similarly to how generic filters for
countable transitive models are constructed: One notices that [N[G * g]| < 3;, that
Y N[G * g] € N[G * g] and crucially, that Py,; is J;-closed, which follows from the
definition of the lottery preparation and the fact that j(f)(xk) > Jy by the Menas
property.

It remains to lift the embedding j : M[G] — N[j(G)] to j : M|[G * go] —
N[j(G) = j(g0)], again using the lifting criterion. This is easy because we can show
that there exists a j(Qp)-condition ¢ above j[go]. Thus, by constructing j(go) again
by diagonalization and in such a way that ¢ € j(go), we get a filter with j[go] C 7(g0)-

Finally, note that G * g € N[j(G)] by construction of j(G) and that Vo3 C N,
by definition of a (6 + 1)-strong unfoldability embedding. This implies

V[G * g]9+1 - V0+1[G * g] C N[](G) *j(go)],

which shows that the twice lifted j is indeed a 6-strong unfoldability embedding of
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3.1 s(k)=kr" <b(k) at a Single x

The construction separating s(x) and b(k) globally is based on a construction at a
single cardinal x due to Bag and Fischer [1], which we present in this section. Probably
the most intuitive approach to obtain a model in which s(x) = k™ < b(k) = A would
be a A\-stage iteration of k-Hechler forcing (the generalization of Hechler forcing to k),
analogous to how s = w; < b = \ was obtained in Section 2.1.1. While generalized
eventually narrow sequences are indeed preserved by the single stage generalized
Hechler forcing (cf. [1, Theorem 3.5]), the preservation fails for longer iterations at
stages of countable cofinality. This can also be seen in the following way: If eventually
narrow sequences were preserved by iterations of k-Hechler forcing of length A > ™,
the argument in the proof of Theorem 2.3 would go through, which would show that
there are no k-towers of height A = b(x) in the extension. However, there must exist
such a tower by Lemma 2.10.

Hence, a different strategy is needed. By Lemma 2.10, we know that b(k) = tq(x),
which suggests iteratively pseudo-intersecting the set of x-clubs in order to increase
b(x). This is achieved using the following variant of Mathias forcing.

Definition 3.3. Denote by C the set of all clubs in k. The forcing notion M(C)
consists of pairs (a,C), where a € [k]<* and C € C, ordered by (a,C) < (d/,C") :
< a2d,CCC anda\d C " Let M(C), be the A-stage, <k-support iteration
of M(C).

It is clear that for every M(C)-generic filter G, the r-real (J{a : 3C € C: (a,C) €
G} pseudo-intersects every ground model club. We can assume without loss of gen-
erality that M(C),-conditions are of the form (a, C'), where

(i) ais a sequence (ag : & € I) with I € [A\|<" and a¢ € [k]<",
(i) C is a sequence (Ce : € € I), where Cg is an M(C)¢-name for a club in &.

Fact 3.4. Let k be regular uncountable, k<" = k and A > 0 any ordinal.
(i) M(C), is k-closed.
(ii) M(C)s-conditions py = (ag, Co) and p; = {(a;, C;) for which

V¢ € dom(ag) Ndom(ay) : ap(§) = a1(§)

are compatible.

(iii) M(C), satisfies the k*-c.c..
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Proof. Fact (i) holds because the single stage forcing M(C) is k-closed in the obvious
way, by the regularity of k. Since we force with <k-supports, M(C), is also k-
closed. Fact (ii) is also checked easily since for any M(C)¢-names C; and C, for clubs,
we can build an M(C)¢-name C for a club such that IFhace)e “C= C;NCyY. For

Fact (iii), let A be a set of M(C),-conditions with |A| = x*. For p = (a,, C,), set
I, :== dom(a,) = dom(C,). Applying the A-system Lemma, we obtain A’ C A of
cardinality k™ and R € [A]<" such that for all p,p’ € A" I,NI, = R. By the
assumption k<" = k and the pigeonhole principle, there exists (r¢ : £ € R) with
re € [k]<" and some A” C A’ of cardinality " such that for all p € A” and £ € R:

a,(&) = re. By (ii), the conditions in A” are pairwise compatible. O

Definition 3.4. By induction on A, define nice M(C),-names for subsets of x as
follows: Assume we have defined nice M(C),-names for all @« € X\. A nice M(C)y-
name ¢ is any name of the form z = U€EH{§:} x Ag, where A¢ is an antichain in
M(C), and for each (a,C) € A¢ and each ¢ € dom(C), C(() is a nice M(C),-name
for a club in x.

Fact 3.5. For any M(C),-name y for a subset of x, there exists a nice M(C),-name
2 such that |-y = z.

Definition 3.5. Denote by C,+ the <s-support product of x™ many x-Cohen forcings
C = Fn..(x,2).2 Let A > ' be regular and denote by Q the forcing notion C,+ *
M(C).

Lemma 3.1. Assume k<" = k and 2" = k™.
(i) Q is k-closed and satisfies the k™-c.c.,

(ii) g b(k) = tu(x) = 25 = \.

Proof. (i) C+ is clearly k-closed and satisfies the k*-c.c. by a standard A-system
argument. Since both of these properties are preserved under finite iterations, the
claim follows. To check (ii), note that any family of clubs of cardinality <\ in a Q-
generic extension already appears at a stage before A, by regularity of A and Fact 1.4,
and is thus pseudo-intersected by the subsequent Mathias-real. Finally, IFg 2% < A
follows by counting nice names. O

2L.e., conditions in C are partial functions p : k — 2 with |dom(p)| < &, ordered by reverse
inclusion.
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Theorem 3.2. Let s be strongly unfoldable and such that 2® = x*. For any regular
A > kT, there is a forcing extension in which

s(k) = kT < b(k) =\

Proof. We first force with the lottery preparation of £ (cf. Theorem 3.1 and Fact 3.2)
to make the strong unfoldability of x indestructible by any x-closed, x*-c.c. forcing
notion. Let V be the resulting new ground model. Note that in V we still have
2% = g, since the lottery preparation satisfies the x-c.c. and has size k. Furthermore,
we have k<" = K since k is in particular strongly inaccessible.

Now, let G be Q-generic over V. By Lemma 3.1, x is still strongly unfoldable
in V[G] and therefore, by Theorem 2.5, V|G| = s(k) > k*. Furthermore, V[G] |=
b(k) = ta(k) = A by Lemma 3.1 (ii). It remains to find a splitting family of cardinality
kT in V[G].

Decompose G as G = (y, : @« € 7) x H, where (y, : « € k™) is a C.+-generic
sequence of k-reals over V and H is M(C),-generic over V[(y, : o € s1)]. We
show that the set of k-Cohen reals {y, : @ € k*} is a splitting family in V[G]. In
V[(yo : @ € k)], let & be a nice M(C),-name for a x-real.

Claim 3.1. There exists v € k such that € V[(y, : a € 7)].

Proof. By induction on . Assume the claim holds for nice M(C),-names for every
a € A\. By definition, # is of the form = = Uge-e{é} X Ag, where A is an antichain
and for each (a,C) € A¢ and each ¢ € dom(C), C(¢) is a nice M(C)-name. Since
the A¢ have size <x by the kT-c.c. and since for each (a,C) € A¢ : |dom(C)| < &,
we have that
X = U range(C)
ger
(a,C)eA;

has size at most k. By the induction hypothesis and since k% is regular, there is a
6 € kT such that every C' € X already exists in V[{(y, : a € §)]. Decompose C,.+ as
Cs x Cyr\s. Since C,+\s is k-closed, it adds no new elements to [s]<* and to <*X,
and hence, every element of & already exists in V[(y, : a € §)]. Finally, since || < k
and since C,+\s satisfies the x*-c.c., there is an S € V[(y, : a € §)] with [S| < &
such that & C S. Fact 1.4 yields # € V[(y, : a € 7)] for some § <y < . FClaim

By the claim, # € V[(y, : @ € &%\ {7})]. We show that y, splits the x-real
named by &. Let V := V[(y, : @« € k™ \ {7})] be the new ground model over which
we force with CxM(C),. To avoid confusion, we denote C-names with accents below
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the character, i.e., we let y be the canonical C-name for a k-Cohen generic real. We
denote by & the canonical C-name for € V.

Assume by contradiction that there exists a C-condition p, a C-name ¢ for an
M(C)s-condition and some 7 € r such that either p k¢ “q IFme), 2\ n € y” or
p ke “q IFmey, 2Ny € n”. Since C is k-closed, we can assume without loss of
generalfty that there is some @ € V such that ¢ = op(a, ), where C is a C-name for
a sequence of names for clubs.

Let y be a k-Cohen real over V such that p C y, i.e., such that p is in the generic
filter. Define the C-generic k-real 3/’ as follows: For ¢ € dom(p), v'(¢) := y(¢) = p(()
and else 3/(¢) := 1 — y(¢). Note that V[y] = V[y| =0 W.

In W, we are in one of the following two cases:

(i) Either (@,C[y]) - “@\n Cy” and (a,Cly]) IF “c\nCy”, or
(ii) (@,Cly) - “ny Sy’ and (a,Cly]) I “@ny Cn’.

Since the two M(C),-conditions (a, C[y]) and (a, C[y']) are compatible by Fact 3.4
(ii) with common extension r, either r I “¢\n Cy and &\ n C " if we are in
Case (i), or r IF “¢ Ny Cn and Ny C 7" if we are in Case (ii). In Case (i),
rl-“c\nCyny” and thus r IF “|#| < k”. In Case (ii), r IF “¢ N (yUy') Cn” and
thus also r IF “|2| < k. O

3.2 s(k)=k" < b(k) at Many x Simultaneously

While the global results in the next chapter will deal with all regular x simultaneously,
which necessitates the use of a product forcing, the situation here is somewhat more
relaxed: We are only dealing with strongly unfoldable cardinals, and these are ‘spread
out’, in the sense that the stage of the forcing construction dealing with some strongly
unfoldable  is small enough to not interfere with the situation at larger strongly
unfoldable cardinals: Note that if k < k' are strongly unfoldable, we cannot force
b(k) > k' without destroying even the strong inaccessibility of x’. The following
lemma shows that the strong unfoldability of £’ is preserved if we act responsibly and
force b(r) < . Tt is very likely folklore.?

Lemma 3.2. Let k be a strongly unfoldable cardinal and Q € H, a forcing notion.
Then, x remains strongly unfoldable in any Q-generic extension.

3A sketch of the argument can be found in [26, pp. 1227-1228].
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Proof. This essentially follows from a simplified version of the proof of Theorem 3.1.
Let € be any ordinal and G' a Q-generic filter over the ground model V. We show
that x is -strongly unfoldable in V[G], using Fact 3.3. Thus, let A be a subset of
in V[G] that we need to put into a k-model with a #-strong unfoldability embedding.

Let A be a nice Q-name for A and note that |trcl(A)| = k. Choose any regular
A >k and let X < H, be an elementary submodel such that H, Utrcl(A)U{x} C X,
|X| = K and so that <*X C X. Note that this is possible because |H,| = 2<* = k.
Let m: X — M be the Mostowski collapse of X. Note that M is a k-model and that
a0 (Ay = id, giving Q, A e M. We can thus directly force with Q over M using G
to obtain the xk-model M[G] containing A.

Fix some 6-strong unfoldability embedding j : M — N. Since j has critical point x
and N contains Vy, j|y, = id and thus Q € N. The embedding j : M — N therefore
trivially lifts to j : M[G] — N[G] and since G € N[G] : V[G]y C V4|G] C N[G]. O

As stated before, we would like to control cardinal characteristics at all regular x
simultaneously, not just at a set of regular k. While the simple method of globally
separating s(x) and b(k) presented below does not quite work for all strongly unfold-
able k simultaneously — strongly unfoldable limits of strongly unfoldable cardinals
need to be left out — we still want to treat a proper class of k. This requires the use
of class forcing, i.e., forcing with a partial order that is a proper class. Class forcing
is generally tricky since ZFC may not hold in generic extensions. However, the class
forcing we use below, as well as the class forcings we encounter in the next chapter,
behave very nicely in that regard. We will first prove the main result of this chapter,
modulo the class forcing complication, and then explain briefly why treating a proper
class instead of a set is unproblematic.

Definition 3.6. A function E is an index function if dom(F) is a class of regular
cardinals. If £ is an index function and k € dom(FE), we let E<* := E|,, E<" := E|,

and £~ .= E|dom(E)\(n+1)-

Theorem 3.3. Assume V = GCH. Let E be an index function defined on strongly
unfoldable cardinals such that

(i) For every k € dom(F) : k™ < E(k).
(ii) For every x € dom(E) : [J{E(5) : § € dom(E<F)} < k.

Then, there is a class forcing extension of V in which

Vi € dom(E) : s(k) = kT < b(k) = E(k).
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Proof. For every k € dom(E), let u, := [J{E(0) : § € dom(E<*)} < k and denote
by Q. = C,+ * M(C) E(x) the forcing notion developed in Theorem 3.2. Fix for every
r € dom(E) a Menas function f; for x and let f, := fi[+ ,), which clearly still has
the Menas property for k. Let P, be the lottery preparation of k relative to f. and
note that P, is p;f-closed, because all of its stages up to stage u are trivial.

Define R,, := P, * Q,. Note that if x < &’ are in dom(FE), then R, € H,s, by the
strong inaccessibility of . Furthermore, R, is uf-closed and satisfies the x™-c.c..

Let E be the Easton support iteration over dom(E) of the Ry, i.e., at stage a we
force with R,, iff & € dom(F) and with the trivial forcing notion otherwise. Now, for
any & € dom(F), E is forcing equivalent to the three step iteration E<® s R, x Rl
where E<* = E|, is in H,, R, is an E<"-name for R,, in the E<*-generic extension and
E'l is a (E<* % R,)-name such that .., “E'! is the Easton support iteration of
the R, over dom(E>*)". Since E%! only forces with necessarily F(x)*-closed forcing
notions, we have IFg. ;5 “Rail is F(k)t-closed” (cf. [10, Proposition 7.12]).

Let G be some E-generic filter and split G as G<F * H * G**l, Since E<* € H,., it
follows from Lemma 3.2 that x remains strongly unfoldable in V[G<*]. The equality
2% = k™ is clearly also preserved. Thus, by Theorem 3.2, V[G<"x H| | s(k) = kT <
b(k) = E(k) = 2°. Since E®™[G<Fx H] is E(x)*-closed, this is preserved in V[G]. [

The reason this works in case dom(F) is a proper class instead of a set, is that
E is a progressively closed iteration: Denoting by €2 the class of ordinals, an ordinal
length product I¢cqQe or an ordinal length iteration ((P¢ : € € Q),(Q¢ : £ € Q)
is progressively closed iff for every ordinal «, there is some ordinal  such that for
all § > B, Q¢ is a-closed (in the case of products), or IFp, “Qf is a-closed” (in the
case of iterations). Intuitively, such products and iterations behave nicely because
every initial segment of the universe is only affected by a set-sized segment of the
product /iteration. For the details, see [34].
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Chapter 4

Generalized Tower Spectra

While the content of the previous chapters has, to some extent, already intersected
with the question of whether towers of certain heights exist, that question will be
the focus of this final chapter. The results presented here also constitute the main
focus of my thesis work and will appear in the Journal of Symbolic Logic. Apart from
Theorem 4.4, they deal with sp(t(x)) at all regular x simultaneously. As explained
on the previous page, we can ignore the resulting class forcing complication since all
the forcing notions used will be progressively closed Easton products.

4.1 Globally Small Tower Spectra

4.1.1 In the Easton Model

We begin by showing that sp(t(k)) = {k*} is consistent globally with an arbitrarily
large generalized continuum 2*. In fact, this holds in the Easton model, where the
class function kK — 2% can realize any pattern permitted by Konig’s Theorem. The
argument used here — an isomorphism of names — serves as an easy blueprint for the
more involved isomorphism-of-names-arguments required in the later results.

Definition 4.1. Recall that E is an index function iff dom(E) is a class of regular
cardinals (cf. Definition 3.6). An index function E is an Easton function if for every
k € dom(F), E(k) is a cardinal with cf(E(k)) > k and such that Kk < ¥ = FE(k) <
E(K').

If there is a forcing notion P, for each x € dom(FE), we can define the Easton
product P(E) of the P, as the product with Easton support over dom(E) of the P,.
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Thus, P(E) consists of conditions of the form p = (p(k) : K € dom(FE)), where for
each regular cardinal v : [{x € dom(FE) : p(k) # 1} N~v| < 7. Recall that the support
of p is the set supp(p) = {k € dom(FE) : p(k) # 1}. It is clear that P(F) is isomorphic
to P(E=F) x P(E~").

Definition 4.2. Let E be an Easton function. Faston forcing relative to E is the
Easton product of the forcing notions Fn..(E(k) X k,2) over all K € dom(FE).

It is well-known and easy to check that for each k € dom(E) : P(E=F) satisfies
the k™-c.c. and P(E>") is kT -closed, provided that 2<% = k.

Theorem 4.1. Let V = GCH, let E be an Easton function and denote Easton forcing
relative to E' by P(F). Then, in any P(E)-generic extension of V:

Vi € dom(E) : sp(t(k)) = {x*} and 2" = E(k).

Proof. The second equality is well-known. Fix x € dom(FE) and let G be P(E) generic
over V. Assume by contradiction that there exists a x-tower (a¢ : €& € A) of length
A > kT in V[G]. We can assume that (ae : £ € \) is strictly D*-descending,
by extracting such a subsequence. Decompose P(E) as P(E<*) x P(E>*) and G =
G=F x G”* accordingly. Since P(E~") is k'-closed, the GCH at § < & still holds in
V[G>*] and (P(E<F))VIE™"] = (P(E<*))V. We designate V[G>*] as the new ground
model.

For each £ € k', let ¢ be a nice P(E<F)-name for a¢ and let py € G=" be a
P(E=")-condition such that V¢ < & < kT : pg lrppeey “a¢ 2% ag”.

Any nice P(E=)-name i is of the form @ = |J,, {d} x Aa(), where A,(z) is an
antichain in P(E<"). Since P(E<") satisfies the x'-c.c., the set

S°) = | dom(p(8)) U dom(p(5))

has cardinality at most x for every 6 € dom(E=*), and thus the same holds for the
set S(%) = Uscdom(pr) SO().

By applying the A-system Lemma, which requires the GCH at k, to the family
{S(ae) : € € KT}, we find some X C k*+ of cardinality k™ and a sequence (R’ : § €
dom(E=%)) such that for all £ # ¢’ € X and all § € dom(E=*) : S%(as)NS?(ae) = R°.
Note that dom(py(8)) C R°. Since S°(a,) has cardinality <x and since k* = kT, we
find by the pigeonhole principle some X’ C X of cardinality x** such that |S?(ae) \
RY| = |S%(ag) \ R for all £ # ¢ € X' and § € dom(E<").
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Fix some & € X’ and choose for each £ € X’ and each § € dom(FE=") a permuta-
tion of E(J) x § of order 2 that maps S°(a¢) to S°(dg,) and fixes everything besides
S%(ag) U S°(ag,) \ R°. Denote by ¢? the automorphism of Fus(E(6) x §,2) that this
permutation induces. By applying these automorphisms coordinate-wise, we obtain
automorphisms of P(F="), which we denote by ¢,. Since we chose permutations fix-
ing the R?, we have ¢¢(py) = po. The automorphisms ¢, extend to P(E<*)-names in
the obvious way.

Note that ¢¢(de) is a nice name with S(pe(ae)) € S(ag,). By counting, we see
that there are at most «* many nice names & with S(&) C S(ag,). Therefore, there
exists X" C X' of cardinality x** and a nice name & such that ¢¢(a¢) = @ for every
e X",

Now, fix £ < ¢ € X"\ {&} and define the following automorphism of P(E<*):

X ‘= gpgogpgf Ogﬁg.

Note that x(a¢) = ag, that x(ae) = @ and that x(py) = po. By assumption,
po IFe(msr) Gg 27 ag. Thus, x(po) IFye(ssr)) X(a¢) 27 x(dg), which implies that

Po I+ dg/ 2* ag and (Zg 2* dé/,

a contradiction. O

4.1.2 With Arbitrarily Large MAD Spectra

The above result can be generalized to show that consistently, the k-tower spectrum
equals {xT} for all regular x, while the k-MAD spectrum is arbitrarily large. More
precisely, we prove the following:

Theorem 4.2. Let V = GCH and let £ be an index function such that for every
k € dom(F), E(k) is a closed set of cardinals with min F (k) > x*, cf(max F(k)) > K
and such that k < ¥ = max F(x) < max F(x). There is a forcing extension of V
in which

Vi € dom(E) : sp(t(r)) = {x*}, E(x) C sp(a(k)) and 2" = max E(k).

This is based on a construction by Bag, Fischer and Friedman [2]. As is shown
in that paper, the same construction allows for more accurate control of sp(a(x)) by
restricting the domain of E to successors of regular cardinals together with ¥y, and
the range of F to so-called x-Blass spectra. While the definition of a x-Blass spectrum
is not necessary for our purposes, we give it for the sake of completeness.
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Definition 4.3 ([2], Definition 2.1). A k-Blass spectrum is a set A of cardinals
satisfying min A = k™, Vu € A : [cf(p) < k = pT € A] and v € A for every
cardinal kT <y < |A].

Corollary 4.1 (GCH). If E is defined on successors of regular cardinals together with
Ny, and E(k) is a k-Blass spectrum for every x € dom(F), we consistently have

Vi € dom(E) : sp(t(x)) = {k*} and sp(a(k)) = E(k).

Proof of Theorem 4.2. We begin by defining the relevant forcing notion. It is essen-
tially a global version of MAD-Hechler forcing introduced in Definition 2.5.

Definition 4.4 ([2], Definition 4.2). Define for each x € dom(FE) and each A € E(k)
the following forcing notion A®*: An A®*-condition is a function p : AP — [k]<",
where AP € [A\]<". We define p’ < p iff

(i) AP C AY,

(ii) Vo € AP : p(z) C p'(z),

(iil) Vi # 12 € AP 2 p/(m) Np'(n2) € p(m) N p(12).-
For each k € dom(E), let A* be the <s-support product of the A®* over all A € E(k).
Then, let A be the Easton product of the A”.

Let G be A-generic over V. It is shown in [2, Theorem 4.6 and Remark 4.7]
that for all k € dom(F) : E(k) C sp(a(k)) and 2¢ = max F(k) holds in V[G].
To show the other equality, let x € dom(F) and decompose A as A>* x ASF and
G = G”* x G=F accordingly. As is shown in [2, Lemma 4.3], A>* is x-closed and
AS* satisfies the x*-c.c., which implies that the GCH at § < & still holds in V[G>"]
and that (AS%)VIE™"] = (AS%)V. Let W := V[G>*] be the new ground model.

Assume by contradiction that (a¢ : £ < k™) is a strictly D*-descending sequence
of cofinal subsets of k in W[G="]. Let a¢ be a nice AS"-name for a¢ and let py be
such that for all £ < & < rk™ :pg Ik ae D* ae.

In order to find the required isomorphisms, we must first extend the forcing notion
AS* to a larger forcing notion Q<* into which A<* completely embeds.

Definition 4.5. For every § € dom(E=<*), let ¢’ := |E()| and J° := max E(), and
for every 5 € 17, let Q%? be the forcing notion A%%. Let Q% be the <x-support
product of the Q*? and Q=" the Easton product over all § € dom(E=<") of the Q°.

It is easy to verify that AS® completely embeds into Q=" (see [2, Lemma 4.8]).
Thus, V§ < 5/ < k1Tt Do ”_an CLE 2* CLEI
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Definition 4.6. Let & be a nice Q="-name for a subset of &, i.e., & = {J, . {a} x
A, (%). For each § € dom(E<") and 3 € b°, define the following sets:

supp’ (i) := | J supp(p(6)) Usupp(po(9)) € [B°]%"
pe%i’?i)

A‘S’B(x') — U APEB) j APO)(B) ¢ [J6]§m
pel.)»ili’?ab)

By applying the A-system Lemma, we obtain some X C x™* of cardinality x**
and for each § € dom(E=") a root R® such that for all £ # ¢ € X : supp’(ag) N
supp’(ag) = R°. Since * = kT < kT, we can assume without loss of generality
that for every § € dom(E=*), the value |supp®(a¢) \ R°| does not depend on ¢ € X.

Fix some & € X and let d}g be a permutation of b’ of order 2 that maps
supp® (ae) to supp®(ag,) and fixes everything outside of (supp®(ae) Usupp®(ag,)) \ R°.
This permutation naturally induces an automorphisms of Q°. By applying these
automorphisms coordinate-wise, we obtain for each ¢ € X an automorphism of
the entire Q=F, which we call ¢¢. It recursively extends to Q=F-names. Note
that V6 € dom(E=F) : supp®(ve(ae)) = supp’(ag,), Ye(po) = po and for every
£ e X\ {6} delag) = ag.

In an abuse of notation, we assume that the sets .J° underlying the forcing notions
Q%# are disjoint for different (6, 3) and apply the A-system Lemma to the family

{U{A‘w(wg(dg)) : § € dom(ESF), Beb’}:€c X} ,

We obtain some X’ C X of cardinality ™ and for each § € dom(E<") and each
B € b aroot R ie., we have for all £ # ¢ € X/, every § € dom(E<) and every
B e b A (e(ag)) VA (Ye(ag)) = R

Since supp’(¢¢(ae)) = supp’(ag,), and since k® < k™, we can again assume
without loss of generality that the value |A%P(¢p¢(ae)) \ R*?| does not depend on
¢ € X'. We may therefore fix & € X’ and choose for each § € dom(E<") and 3 € b’
some permutation gog”g of order 2 of J° that maps A%’ (1 (ae)) to A% (¢, (ag,)), and
fixes everything except for (A% (e (ae)) UA*P (g, (ag,))) \ R*?. This map induces an
automorphism of Q%?, and by applying the maps coordinate-wise, we again obtain
an automorphism of the entire Q=*, which we denote by ¢¢. Note that p¢(po) = po
and for every & € X'\ {&,&} 1 pe(ae) = ae.

By definition of the maps, ¢¢ o ¥¢(a¢) is a nice name satisfying for every 6 €

44



dom(E<*) and 3 € b°:

supp’ (pe © 1he(a¢)) = supp’ (ag,) and A (¢ 0 ve(ae)) = AP (¢, (g, ).

By an easy counting argument, there are at most x* many nice names with this
property, which implies that there exist fixed £ # & € X'\ {&, &} and a nice name
Z such that g 0 Ye(ae) = pe 0 Yer(ae) = 2.

Since we have fixed £ and £, we will from now on use the shorthands ¢ :=
Ve, V' =g, @ = ¢, ¢ = . The rest of the proof consists in showing that the
automorphism

X =vopofopopoloporopor
satisfies x(a¢) = ag and x(ag) = ae. Unfortunately, there does not seem to be a
shorter one that works. Since x(py) = po , we obtain the contradiction

Do ||—an C.Lg g* C'lgl A C'lgl g* C'lg,

just as in the proof of Theorem 4.1.

Definition 4.7. Let U° := supp®(ag, ), U%? := A%P (1, (G, )) and define the following
subsets of Q=":

(i) RR:={p € Q=* : V¥§ € dom(E=*) VB € b’ : supp(p(d)) C R® A APOB) C RO}
(i) RY := {p € Q=F : V6 € dom(E=F)VB € b° : supp(p(d)) € R’ A APO®) C
USH\ R*P)
(iii) RS := {p € Q=" : V§ € dom(E=<F)VS € b : supp(p(d)) € R’ A APOK) C
A% (a¢) \ R*P}, and define RE analogously.

(iv) U:={p € Q=" :V§ € dom(E=F) : supp(p(d)) C U’ \ R}
(v) P& := {p € Q=F : ¥ € dom(E=*) : supp(p(d)) C supp’(ae) \ R’}, and define P¢
analogously.

(vi)) S¢:={p € Q=" : Vs € dom(E=F)VB € R’ : supp(p(d)) C supp®(a¢) A APOB) C
A% ()}, and define S¢ analogously.

These sets, as well as the actions of ¢,1, ¢’ and 9’ on them, are depicted in
Figure 4.1. Note that RRURS U P¢ C S¢.

Fact 4.1. The following properties are very easy to verify.
(i) Y|rr = Y|gv = Y|re = id, and the same for ¢ in place of .
(ii) ¥[U] = P, and analogously ¢'[U] = P¢",
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supp’ (ag’) \ R° P¢

3 Y

TRk

supp’ (ag) \ R
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R¢ RY ||RR|| RY

2"\ 7

R(S

A
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Figure 4.1: The supports at coordinate § € dom(E=F) of conditions in the sets
defined in Definition 4.7, and how the maps ¢, 1, ¢’ and ¢’ act on these sets. Note
that conditions in S¢ live in the union of the regions labeled P¢,R¢ and RR (and
analogously for S¢).

(iii) ¢|gr = id, and the same for ¢ in place of .

(iv) ¢[RY] = RS, and analogously ¢’ [RU] =R¢.

)
)
(v) ¢|ge = id, and analogously 9'|ge =
(vi) ¢|se = id, and analogously ¢'[ge = id.
)

(vii) ¢|pe = id, and analogously ¢'|pe = id.

Definition 4.8. Let § € dom(E=*) and let ¢ and ¢’ be Q°-conditions such that for all
Beb: A1OBE) N ATEOPB) = (). We define the condition ¢ + ¢ := {q(6)(8) Uq (8)(B) :
B e ).

Furthermore, if p and p’ are Q=" conditions such that for all § € dom(E=") and
all 5 et : A1OIB) N ATOB) = () we define

p@p = (p(6) +p'(8) : 6 € dom(E=F)).

Fact 4.2. For every 0 € {1, p,¢', ¢’} : 0(p® p') = 0(p) ® 6(p').

Recall that the nice name 2 is of the form 2z = (J .. {a} x Aq(2). Let a € x and
q € A.(2). By construction, for every § € dom(E<*) : supp(q(d)) € U°. We can
therefore decompose q as ¢ = § @ u, where for every § € dom(E=") : supp(g(5)) C R®
and supp(u(§)) € U° \ R°. Again by construction, we have for every 3 € ° :
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AIOB) C %8 We can thus further decompose § as ¢R @ ¢, where AT OB C RIS
and A'©®)B) C UsB \ RSB

This gives us a decomposition ¢ = ¢® @ ¢V ® u, where ¢} € RR, ¢V € RY and
u e U.

Lemma 4.1. Define the automorphism
X=vopoy olopoy,
i.e., we have x =9’ o ¢’ o yopor). Then, x|a,(:) = id for every a € k.

Proof. Let a € k and q € A,(2). We decompose ¢ = ¢R ® ¢V ® u as described above.
From Fact 4.2 it follows that y(q) = ¥(¢%) @ x(¢") ® x(u), and it therefore suffices
to show that ¢R, ¢V and w are fixed by y. We use Fact 4.1.

Claim 4.1. y(¢®) = ¢}
Proof. This is clear, since all of ¥, ¢, 1)’ and ¢ are the identity on RR by (i).  Fciaim
Claim 4.2. y(qV) = ¢".

Proof. Firstly, 1(¢V) = ¢¥ by (i). Next, ¢(¢") € R¢ by (iv). Thus, p(qY) is fixed by
the next two automorphisms ¢’ and then ¢', by (i) and (vi), respectively. Then we
again apply ¢ to get p(p(qY)) = ¢V. Finally, ¢V is fixed by 9 by (i). FClaim

Claim 4.3. x(u) = u.

Proof. Firstly, ¥(u) € P* by (ii). Thus, ¥ (u) is fixed by ¢ by (vii), by ¢’ by (v), by
¢’ by (vi) and then again by ¢ by (vii). The final application of 1 gives ¥ (1(u)) = u.
}_Claim

This finishes the proof of Lemma 4.1. O

We are now ready to prove that y does what we want it to do.

Lemma 4.2. The automorphism
X =y opoppopoyoyopotpoypor

satisfies x(a¢) = ag and x(ag) = ae.
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Proof. We begin with the first equality. We have a¢ = J, .. {@} X As(a¢) and thus,
x(ae) = Uyerld} x x[Aaldg)]. Therefore, we must show that for every a € & :
X[Aa(ae)] = Aalae).

Let a € k. First, we deal with x[A,(d¢)] C An(ae). Thus, let p € Ay(ae). We
know that ¢ o ¢(a¢) = %, which implies that ¢ := ¢ o ¥(p) € A,(2). We also know
that ¢/ o¢/(2) = ag, and therefore ¢/ o¢'(q) € An(ae). Since x(q) = g by Lemma 4.1,
we indeed obtain

X(p) =¥/ o oxopoi(p) € Aulig).

The reverse inclusion A, (ag) 2 x ' [Aa(ae )] follows from essentially the same proof:
Note that x ™' =1 opoyx oy o1/, and by Lemma 4.1, y~! is the identity on A,(2)
as well.

To show the second equality, i.e., x(dg) = @, we again fix o € k and show
X[Aa(ae)] = Aq(ae). Here, we have to deal with the entire x at once, we again use
Fact 4.1. To verify the direction "C”, let p’ € A,(de). Since p' € S¢, we have
Y(p') = p' by (v) and ¢(p') = p’ by (vi). The next two automorphisms map p’ to
¢'(Y'(p')), which is equal to a condition ¢ € A, () since ¢'(¢'(ag)) = 2. Then, ¢ is
mapped to ¥(p(q)), which is some p € A,(ae) because 1(¢(2)) = ae. The last two
automorphisms ¢’ and ¢’ fix p, again by (v) and (vi).

Finally, the proof of the reverse inclusion x[A,(de)] O Aq(ae) is analogous and
left as an exercise to the reader. oo

4.2 Globally Large Tower Spectra

Next, we show that arbitrarily large tower spectra at all regular cardinals simultane-
ously are consistent. In fact, we show that sp(t.(x)) can be arbitrarily large globally.
The forcing notion we use is similar to a part of the forcing notion developed by
Hechler in [23], designed to force the existence of many w-towers.

Theorem 4.3. Let V = GCH and let £ be an Easton function. There is a forcing
extension of V in which

Vi € dom(E) : sp(t(k)) = sp(ta(x)) = [T, 27], where 2° = E(k).

Here, [kT,2%] denotes the set of regular cardinals between k™ and 2~.
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Proof. We begin by defining the relevant forcing notion.

Definition 4.9. Define for each k € dom(F) the set Z" := {(k,&) : £ € E(k)}, which
serves as an index set. The purpose of the entry « is to ensure that the different Z*
are disjoint.
For each k € dom(F), let T* consist of conditions ¢ : A? x n? — 2, where

A? € [Z¢]<% and n? € k \ {0}. Let ¢ < ¢ iff

(i) ¢ < ¢,

(ii) For all ¢ < ¢ with (k,&), (k, &) € A? and for all ¢ < p < 17 : ¢ ((k, &), u) =

0 = ¢((x &) n) =0

Let T be the Easton product of the T*.

Lemma 4.3. Let x € dom(FE) and decompose T as T<®x T>*. Then, T>* is *-closed
and T=" satisfies the kT-c.c..

Proof. The first statement is easy to verify. To show the second statement, let A
be a k*-sized set of T<*-conditions. For each p € 4, let S, := J{AP®) x P : § €
supp(p)}. Note that S, has cardinality <x. By the A-system Lemma, we obtain some
A’ C A of cardinality x* and for each § € dom(E<*) some R’ € [Z°]<° and some
7% € §, such that for all these d and all p # p' € A : (APO) x nPO)) N (AP'©) 5 P (0)) =
R? x 1. Note that the set C':= {0 : R’ xr° # ()} has cardinality <x. For each 6 € C,
there is at most one p € A’ with n?® # r°. By removing these <x many conditions,
we can assume that no such p exist in A’.

The set [ J{R? x7° : § € C} has cardinality <x. By the GCH, we have 2<% = x, and
we can therefore assume that for all p,p’ € A" and all § € dom(E=F), the functions
p(9) and p'(9) agree on the intersection of their domains. It is now easy to verify that
the conditions in A’ are pairwise compatible. O

It follows by standard methods that
Corollary 4.2. T preserves cofinalities and hence cardinals.
See, for example, the proof of Easton’s Theorem in [29, Ch. VIII, Lemma 4.6].

Proposition 4.1. Let V = GCH and let G be T-generic over V. Then, for any
k € dom(F) and any regular A € [k, F(k)], there is a k-tower of height A consisting
of clubs in V[G].
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Proof. Let k € dom(FE) and X\ € [k", E(k)]. As before, decompose T as T<F x T>*
and G = G=" x G>* accordingly. Since T>* is x"-closed, the GCH at § < & still holds
in V[G>*] and (T=F)VIE™" = (T<)V. We work in W := V[G>*].

Since k and A are fixed and since we are only interested in the x-th coordinate of
each T<*-condition p, define for notational simplicity for each p € T<" the following
abbreviation g,

(i) V€ € E(k) Va € k1 qp(§, ) := p(r)((x, §), )
(i) A% := AP

(i) no := nP).

In W[G="], define for each £ € FE(k) the r-real g := {a € kK : Ip € G=" :
¢p(&, ) = 1}. We assume that A < E(x) and define a¢ := cl(ge \ g)) for all € < A\. We
show that the sequence (ag : £ € \) is a k-tower of height A in W[G="]. If A = E(k),
it follows by a very similar but simplified argument that setting a¢ := cl(ge) yields a
k-tower of height E(k).

It is easy to see that (g : £ € E(k)) is well-ordered by O*, and therefore, (a¢ : € €
A) is as well. In order to show that (a¢ : £ € \) does not have a pseudo-intersection
in W[G="], let & be a T=F-name for a subset of £ and py € G=* a condition such that
po IF “|Z] = k7. For each a € k, let A, be a maximal antichain deciding "a € 2”.
By the x'-c.c. of TS*, the set A :=[J{A® : p € A,, a € k} has cardinality at most
k. Thus, by regularity of A, there exists (k,&;) € Z" such that £ < & < A for every
€ < A with (k,&) € A. We show that for every v € k, the set of conditions forcing
"i\ v € ag,” is dense below py.

Let p < pg. By extending p, we can assume that (k,\) € A%. Since p I+ “|z| =
K”, there exists ag > max{n%?,v} and p < p with p IF &9 € &. Therefore p is
compatible with some r € A,, via some common extension s. In particular, p and r
are compatible via s. Without loss of generality, we can assume that (£, ag), (A, ag) €
dom(qgs).

Note that for all §, < & < X and all max{n?,v} < a < o with (¢, @) € dom(gs) :
(&, o) ¢ dom(g,) U dom(g,) since o > n% and by the choice of &. Therefore, we can
set 5 equal to s except that for all such € and « : ¢5(&, @) := min{gs(&, @), ¢s(\, a)}.
It follows that s is a common extension of p and r, and for every max{n%,v} < a <
ap: SlE“a e gy, = ae g\’ Thus, 5l “ap € @\ cl(ge, \ g»)”, finishing the proof
of the proposition. O

Lastly, it can be checked easily, by counting nice T<*-names for subsets of x, that
Vk € dom(F) : 2¢ = E(k) in every T-generic extension of V = GCH. O
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Corollary 4.3. In the above extension, b(k) = k™ for every x € dom(FE).

Proof. For uncountable k, this follows from Lemma 2.10. In the case k = w, it can
easily be seen that the forcing notion T densely embeds into the part of the forcing
notion introduced by Hechler [23] that deals with towers. The first author, Koelbing
and Wohofsky [16, Corollary 5.1] have shown that the latter forces b(w) = wy, by
showing that it decomposes as a finite support iteration of Mathias forcings that
preserve the unboundedness of ground model scales. |

4.3 A Locally Bounded Tower Spectrum

Our final result establishes that the s-tower spectrum may consistently have any
upper bound below 2" where this upper bound is given by b(k).

Theorem 4.4. Assume V |= GCH. Let k < 8 be regular and let p be such that
cf(p) > . There is a generic extension of V in which

sp(t(k)) C [k, b(k)], where b(k) = 3 and 2" = p.

Proof. We begin by briefly sketching the idea of the proof. We force b(k) = f
and 2" = p using a non-linear iteration of x-Hechler forcing. Non-linear iterations
of Hechler forcing at w were introduced by Hechler in [24] and generalized to the
uncountable by Cummings and Shelah in [11]. The strategy is to force the existence
of a cofinal embedding from some partial order Q into the partial order (“x, <*), where
an order-preserving embedding f: Q — Q' is cofinal iff Vp € Q" ¢ € Q : p <¢ f(q).
By choosing a Q with appropriate bounding and dominating properties, one obtains
the desired values of b(x) and d(k) in the extension. These properties are formalized
by the following definition.

Definition 4.10. Let QQ be a partially ordered set. We say that B C Q is unbounded
iff Vg e Q3p € B:p £gq. Let b(Q) be the minimal cardinality of an unbounded

subset of Q and let 9(Q) be the minimal cardinality of a cofinal (or dominating)
subset of Q. Thus, b(k) = b(("x, <*)) and 9(k) = o(("k, <*)).

The following fact is easy to check.
Fact 4.3. If f : Q — @' is a cofinal embedding, then b(Q’) = b(Q) and 2(Q") = 2(Q).
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Therefore, by choosing a Q satisfying b(Q) = 5 and 9(Q) = pu in the forcing
extension, we will obtain b(k) =  and 2% > 0(k) = pu. The reverse inequality 2 < p
will follow by counting nice names.

We then show that there are no k-towers of height greater than  in the forcing
extension, again due to an isomorphism of names. For this argument to succeed, we
first use a preparatory forcing to obtain a particular partial order, one in which every
element only lies above few others. This complication stems from the fact that we
need to iterate along a well-founded partial order, where Q is well-founded if every
C C Q contains a minimal element. While it is folklore that every partial order
contains a cofinal, well-founded subset, choosing any such subset in our proof will not
yield the upper bound we aim for. Note however that the preparatory forcing step
could be skipped if we were to start with an inaccessible 3.

Lemma 4.4. Assume 3 is regular, 5<% = 3 and p is such that cf(u) > 3. Consider
the partial order ([u]<?, C). There is a 3-closed, 8*-c.c. forcing notion P that adds a
cofinal subset Q* C [u]<", satisfying

(i) Q* is well-founded,

(ii) Forall z € Q* : {y € Q* : y C z}| < B,
(iii) b(Q") =5,

(iv) 2(Q") = Q7| = p.

Proof. Let p be a P-condition iff p is a well-founded subset of [u]<? of cardinality <J3.

Q
Q
The order is given by

¢<p:<= pCqandVxepVyeq\p:y gz

Claim 4.4. P is S-closed and satisfies the S*-c.c..

Proof. Checking the first part is routine. For the second part, let A € []ID]5+. Applying
the A-system Lemma to the family {|Jp : p € A} yields some A’ C A of cardinality
B+ and a root R € [u]<?. There are at most 2<# = 3 many subsets of R, and since
B<F = B, we can assume that p N P(R) does not depend on p € A’. It follows that
the p € A’ are pairwise compatible. F Claim

Now, let H be P-generic over V and define Q* := | J H. By the above claim, car-
dinalities and cofinalities are preserved in V[H] and we have ([p]<?)VIH] = ([u]<P)V.
It is easy to see that for every = € [u]<?, theset D, ;== {p€P: Iy cp:y Da}is
open dense in P, by adding |Jp U « to the p in question. Thus, Q* is indeed cofinal
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in [u]<#. Well-foundedness of Q* follows from H being directed. By the same reason,
we have that for every z € Q" : {y € Q* : y C x} C p, where p € H is any condition
containing . Thus [{y € Q" : y C x}| < B.

It remains to show (iii) and (iv). In order to verify b(Q*) = 5 and ?(Q*) = u, it
suffices, by Fact 4.3, to verify b(([]<?, <)) = B and d(([u]<#,C)) = p in V[H]. To
check the first statement, note that by regularity of 3, every B C [u]<# of cardinality
<A is bounded. On the other hand, for any X € [u]?, the set {{n} : n € X} is
unbounded, which yields b(([u]<?, <)) = 3.

Similarly, any D C [u]<? of cardinality <u cannot be dominating since | J D # pu.
This gives us 0([;£]<?) > u. The reverse inequality holds because |[u]<?| = u, which
follows by the assumption cf(p) > 8 and by the GCH in V. Since Q* is itself cofinal,
this also yields |Q*| = p. O

We now fix some P-generic H and designate W := V[H] as the new ground model.
Note that since P is -closed, the GCH still holds at all cardinals below § and p* = p
for all p with cf(p) > k.

Definition 4.11 (see [11], Theorem 1). Let Q be any well-founded partially ordered
set. Extend Q to Q U {top}, where Va € Q : top > a. Denote by Q, the partial
order Q, := {b € Q : b < a}, so that Q = Q4,,. By induction, we define for each
a € QU {top} the forcing notion D(Q,). Assume D(Qy) is already defined for all
b < a. We let p be a D(Q,)-condition iff

(i) pis a function with dom(p) € [Q,]<".

(ii) For each b € dom(p) : p(b) = (s,‘f.), where s € <"x and f is a nice D(Q,)-name
for an element of "x. That is, f is of the form f = U<a1’a2>€'5m{?p(d1, as)} X
Alay,a0), Where Ay, o,y is an antichain in D(Q,) and Ikpg,) f € (k).

Let ¢ < piff
(a) dom(p) € dom(g),
(b) For all b € dom(p), if p(b) = (s, f) and q(b) = (t,g), then s C ¢ and

Vi ek f(n) < g(n) and

qlo, Fo@,) {vn ¢ dom(t) \ dom(s) : t(n) > f(n).

Finally, D(Q) = D(Qtop)-
Lemma 4.5. Let Q be any well-founded partial order. Then the following holds.
(i) D(Q) is k-closed.
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(ii) D(Q) satisfies the kT-c.c..
(iii) Let A C Q be downward-closed, i.e., forallpe Aandgqe Q:q<gp = q€
A. Then D(A) is a complete suborder of D(Q).

(iv) Assume |Q|* = |Q|. There are at most |Q| many nice D(Q)-names for subsets
of k.

Proof. Parts (i) and (ii) are proved in [11, Claims 1 and 2]. Part (iii) is straightforward
to check. For part (iv), let |Q| = p with p® = p and let a € Q U {top}. Assume by
induction that for all b < a there are at most p many nice D(Qj)-names for subsets
of k. In particular, there are at most p many nice D(Qp)-names for elements of “x.
Since D(Q,) satisfies the x*-c.c., the number of nice D(Q,)-names for subsets of
is bounded by [D(Q,)|*. Note that |D(Q,)| < |Qu|<" - k<% - p<" by the induction
hypothesis. This is at most p because Q, C Q and p=* = p, which finally yields that
there are at most p* = p nice D(Q, )-names for subsets of k. O

Lemma 4.6 ([11], Theorem 1). Let Q be any well-founded partial order with b(Q) >

k. In any D(Q)-generic extension, Q can be cofinally embedded into (", <*).

Corollary 4.4. Let G be D(Q*)-generic over W, where Q* is from Lemma 4.4. Then
WI[G] E b(k) = and 2" =0(k) = p.

Proof. We have |Q*| = u by Lemma 4.4 (iv), which implies by Lemma 4.5 (iv) that
there are at most p many nice D(Q*)-names for subsets of k. Thus, W[G] = 2" < pu.
In order to verify the remaining claims, it suffices by the above Lemma 4.6 and by
Fact 4.3 to check that b(Q*) = 5 and 9(Q*) = p still holds in W[G]. However, this
very easily follows from D(Q*) satisfying the x*-c.c.. O

Proposition 4.2. Let G be D(Q*)-generic over W. Then WG] E sp(t(k)) C [T, A].

Proof. Assume towards a contradiction that (ae : £ € f7) is a strictly D*-descending

sequence in W[G]. For each & € A7, let a¢ = J,.{@} x A5 be a nice D(Q*)-name

for ae. Assume py € D(Q*) is such that for all £ < & < BT : pg IFpgr) ae 2 e
Define for every £ € 57 the set

de = U{a: sz € dom(p), p€ A5, a €k} U U{a: :x € dom(pyg)},

which is a subset of p of size <3. Since Q* is cofinal in [u]<#, we find for each
¢ € BT some De D de in Q. As noted before, the GCH holds in W below 5 and
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we may therefore apply the A-system Lemma to the family {D, : £ € 51} to obtain
some X C 7% of cardinality 3 and a root R. Set Qf := {y € Q" : y C D¢} and
R :={y € Q" : y C R}. Note that R is the root of the Q. By Lemma 4.4 (ii),
we have |Qf| < 3, and we may therefore assume by the pigeonhole principle that
VEe X Q| =0<p.

Claim 4.5. There exists X’ C X of cardinality 57 such that for all £,& € X', there
is an order-preserving isomorphism ¢ ¢ : Qf — QF with ¢ ¢|r = id.

Proof. To see this, let L be some set of cardinality |Qf \ R| disjoint from R. For each
§ € X, we can map Qf bijectively to L UR, such that this bijection restricted to R
is the identity. This bijection induces a partial order on L U R. Since there are at
most 2/ < 8 many partial orders on L UR, we find the desired X’ as well as the
isomorphisms )¢ ¢+ by the pigeonhole principle. FClaim

Define the downward-closed partially ordered set A := Uge x» Q¢. Note that by
definition of Dg, a¢ is a nice D(Qf)-name and thus a nice D(A)-name. Furthermore,
po is a D(R)-condition. For a fixed &, € X', the isomorphism )¢ ¢, extends to an au-
tomorphism of order 2 of A, which we denote by 1. This automorphism ¢ naturally
induces an automorphism ¢, of D(A) in the obvious way: Let a € A U {top} and
assume by induction that for every b < a, the isomorphism

Pelp(ay) : D(Ap) — D(Ay )

has been defined (note the abuse of notation). In particular, this isomorphism
extends to D(Ap)-names. Now let p be any D(A,)-condition. We write for every
b € dom(p) : p(b) = (s(b), f(b)), and define

dom(q) := t¢[dom(p)] and _
Vipe (b) € dom(q) : q(vhe(b)) := (s(b), @elp(a,) (f))

It follows by induction that ¢, is an automorphism and that ¢¢|p@) = id.
Note that p¢(de) is a nice D(Qf )-name and that by Lemma 4.5 (iv), there are

90£|D(Aa)(17) := ¢, where {

at most [QF | < 8 many nice D(Qf, )-names for subsets of . Thus, we can extract
X" C X' of cardinality % such that @¢(ae) is the same nice D(Qf )-name for all
e X’

Fix £ < & € X"\ {&} and define the automorphism x¢ ¢ = @g 0 ¢ 0 g of
A. By COHStI‘UCtiOIl, XE,{’(dﬁ) = a.f/, X&gl(d&/) = C'Lg and nggl(po) = Po- Since D(A)
is a complete suborder of D(Q*) by Lemma 4.5 (iii), we have py IFp) @ 2% ag,
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which yields the contradiction pg IFpea) ae 2% a¢ A ag 2% ag, just as in the proof of
Theorem 4.1. OO

Together with Lemma 2.10, the above Theorem yields the following corollary.

Corollary 4.5. Let k < 3 be regular uncountable and let 1 be such that cf(u) > 3.
Then, consistently,

sp(ta(k)) = {8} and 2% = p.

As a final remark, note that by Lemma 2.10 and Lemma 2.11, the upper bound
given by Theorem 4.4 is tight, in the sense that there always exists a k-tower of height
b(k), if K is uncountable or if b(w) < ?(w). If both kK = w and § = p however, a
well-founded cofinal subset of the partial order ([5]<#, C) as in Lemma 4.4 is given by
the well-ordered set 3, in which case we have a simple finite support, S-stage linear
iteration of Hechler forcing, and thus no w-tower of height 5 = b(w) in the extension,
by Theorem 2.3.

56



Bibliography

1]

[10]

Omer Bag and Vera Fischer. Strongly unfoldable, splitting and bounding. Math-
ematical Logic Quarterly, 69(1):7-14, 2023.

Omer Bag, Vera Fischer, and Sy D. Friedman. Global mad spectra. Preprint.

James E. Baumgartner and Peter L. Dordal. Adjoining dominating functions.
The Journal of Symbolic Logic, 50(1):94-101, 1985.

Omer Ben-Neria and Shimon Garti. On configurations concerning cardinal char-
acteristics at regular cardinals. The Journal of Symbolic Logic, 85(2):691-708,
2020.

Andreas Blass, Tapani Hyttinen, and Yi Zhang. Mad families and their neigh-
bors. preprint, 2005.

Andreas Blass and Saharon Shelah. Ultrafilters with small generating sets. Israel
Journal of Mathematics, 65:259-271, 19809.

Jorg Brendle, Andrew Brooke-Taylor, Sy D. Friedman, and Diana Carolina Mon-
toya. Cichons diagram for uncountable cardinals. Israel Journal of Mathematics,
225:959-1010, 2018.

Jorg Brendle and Vera Fischer. Mad families, splitting families and large con-
tinuum. The Journal of Symbolic Logic, 76(1):198-208, 2011.

Andrew Brooke-Taylor, Vera Fischer, Sy D. Friedman, and Diana Carolina Mon-
toya. Cardinal characteristics at x in a small u(x) model. Annals of Pure and
Applied Logic, 168(1):37-49, 2017.

James Cummings. Iterated forcing and elementary embeddings. Handbook of set
theory, pages 775-883, 2010.

o7



[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]
[21]

[22]

[23]

[24]

James Cummings and Saharon Shelah. Cardinal invariants above the continuum.
Annals of Pure and Applied Logic, 75(3):251-268, 1995.

Peter L. Dordal. Towers in [w]* and w®. Annals of pure and applied logic,
45(3):247-276, 1989.

Mirna Dzamonja and Joel David Hamkins. Diamond (on the regulars) can fail
at any strongly unfoldable cardinal. Annals of Pure and Applied Logic, 144(1-
3):83-95, 2006.

William B. Easton. Powers of regular cardinals. Princeton University, 1964.

Monroe Eskew and Vera Fischer. Strong independence and its spectrum. Ad-
vances in Mathematics, 430:109206, 2023.

Vera Fischer, Marlene Koelbing, and Wolfgang Wohofsky. Towers, mad families,
and unboundedness. Archive for Mathematical Logic, 62(5):811-830, 2023.

Vera Fischer, Diana Carolina Montoya, Jonathan Schilhan, and Daniel T.
Soukup. Towers and gaps at uncountable cardinals. Fundamenta Mathemati-
cae, 257:141-166, 2022.

Vera Fischer and Daéniel T. Soukup. More zfc inequalities between cardinal
invariants. The Journal of Symbolic Logic, 86(3):897-912, 2021.

Vera Fischer and Corey Bacal Switzer. The structure of k-maximal cofinitary
groups. Archive for Mathematical Logic, 62(5):641-655, 2023.

Shimon Garti. Pity on lambda. arXiv preprint arXiv:1103.1947, 2011.
Lorenz J. Halbeisen. Combinatorial set theory, volume 121. Springer, 2012.

Joel David Hamkins. The lottery preparation. Annals of Pure and Applied Logic,
101(2-3):103-146, 2000.

Stephen H. Hechler. Short complete nested sequences in Sn\n and small maximal
almost-disjoint families. General Topology and its Applications, 2(3):139-149,
1972.

Stephen H. Hechler. On the existence of certain cofinal subsets of “w. In Proc.
Sympos. Pure Math, volume 13, pages 155-173, 1974.

o8



[25]

[26]

[27]

28]

[29]

[31]

[32]

[33]

Thomas Jech. Set theory: The third millennium edition, revised and expanded.
Springer, 2003.

Thomas A. Johnstone. Strongly unfoldable cardinals made indestructible. The
Journal of Symbolic Logic, 73(4):1215-1248, 2008.

Shizuo Kamo. Splitting numbers on uncountable regular cardinals. preprint,
1992.

Akihiro Kanamori. The higher infinite: large cardinals in set theory from their
beginnings. Springer Science & Business Media, 2008.

Kenneth Kunen. Set theory. An Introduction to Independence Proofs. Elsevier,
2014.

Maryanthe Malliaris and Saharon Shelah. Cofinality spectrum theorems in model
theory, set theory, and general topology. Journal of the American Mathematical
Society, 29(1):237-297, 2016.

Minoru Motoyoshi. On the cardinalities of splitting families of uncountable reg-
ular cardinals. Japanese. Master thesis. Osaka Prefecture University, 1992.

Dilip Raghavan and Saharon Shelah. Two inequalities between cardinal invari-
ants. Fundamenta Mathematicae, 237:187-200, 2017.

Dilip Raghavan and Saharon Shelah. Two results on cardinal invariants at un-
countable cardinals. In Proceedings of the 14th and 15th Asian Logic Conferences,
pages 129-138. World Scientific, 2019.

Jonas Reitz. The ground axiom. The Journal of Symbolic Logic, 72(4):1299-1317,
2007.

Jonathan Schilhan. Generalised pseudointersections. Mathematical Logic Quar-
terly, 65(4):479-489, 2019.

Saharon Shelah. On cardinal invariants of the continuum. Contemporary Math-
ematics.

Saharon Shelah and Zoran Spasojevi¢. Cardinal invariants b, and t,,. Publications
de UInstitut Mathematique, 72(86):1-9, 2002.

29



[38] Toshio Suzuki. About splitting numbers. 1998.

[39] Andrés Villaveces. Chains of end elementary extensions of models of set theory.
The Journal of Symbolic Logic, 63(3):1116-1136, 1998.

[40] Jindfich Zapletal. Splitting number at uncountable cardinals. The Journal of
Symbolic Logic, 62(1):35-42, 1997.

60



